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Let M be a manifold of class C", 1 < r < oo or r = w (as usual, C*¥ denotes the analytic
category), modeled on the Banach space E. Let f : M — M be a C” diffeomorphism. Assume
that Z is a hyperbolic fixed point of f, meaning that f(Z) = Z and that there is a D f(Z)-invariant
splitting Tz M = E* & E“ such that, for some equivalent norm |- | on Tz M,

IDS@E < Nel HEe B, DF@E 2 slel i€ e B,

for some A €]0,1[. The definition of hyperbolicity and the subspaces E*, E* do not depend on the
choice of such a norm. Consider the invariant sets

n—-+4oo

We(z) = {x eM]| lim f*(z)= i}, wW(z) = {x € M| liIJIrl M (x) = :f}
The Stable Manifold Theorem asserts the following.

Theorem A Let M, f and T be as above. Then W*(Z) is an immersed C" submanifold of M
diffeomorphic to E*. Moreover, TyW*(Z) = E*.

By considering f~! instead of f one finds an analogous statement for W*(z). Simple examples
show that W*(Z) may not be closed and that it may not be an embedded submanifold.

The usual way to prove such a result is to define the local stable manifold near Z, to prove
that in local coordinates such a set is a graph of a Lipschitz map and then to prove further
regularity. See, for example, [Shu87], where the graph transformation method as well as Irwin’s
approach [Irw70] are described with full details. See [Wig94] for many generalizations and for an
updated bibliography. Although only elementary tools are needed, detailed proofs are quite long
and delicate, so the result is usually stated without proof in many basic textbooks.

The aim of this note is to show a quick proof of Theorem A. The nice feature of the approach
presented here is maybe the use of a clear geometric principle, as it is the well-known criterion for
local immersion and submersions based on the Inverse Mapping Theorem. This allows to bound
the whole analysis to quite a simple linear problem. Moreover, the regularity in the C" or even
in the analytic case follows directly. The same idea works for continuous dynamical systems, i.e.
flows obtained by integrating some vector field on M; details are left to the reader.

1 Notations, Definitions and Basic Facts

Linear Operators and splittings. Let (F,| |g) and (F,|-|r) be Banach spaces. We denote by
L(E, F) the Banach space of all linear bounded operators from E to F, endowed with the operator
norm || T[| := supj,,<; |Tz|r. If E = F we shall simply write L(E) for L(E, E). A subspace X
(necessarily closed) of F' splits if and only if there exists a subspace Y such that FF = X @ Y.
If L € L(E,F) and R € L(F,E) are such that LR = 1p, L is called a left inverse of R or a
linear retraction and R is called a right inverse of L or a linear section. Then L is surjective, R
is injective and F splits into a direct sum F = ker L @ ran R, with projections P,., g = RL and
Pyierr, = 1g — RL. Conversely, if R € L(F, F) is injective and F = X @ ran R for some subspace



X of E, then L := R™'P..r € L(E,F) is a right inverse of R, with ker L = X. Similarly, if
L € L(E,F) is surjective and E = ker L &Y for some subspace Y of E, then R := (Ljy) ' is a
right inverse of L withran R =Y.

Immersions and submersions. Let M, N be differentiable manifolds of class C™, 1 <r < oo
or r = w, modeled on the Banach space E, respectively F'. A map f: M — N is a local immersion
(resp. a local submersion), if f is a linear section (resp. a linear retraction) in local charts at x,
meaning that there exist a local chart at x, ¢ : U — ¢(U) C E, a local chart at y := f(x),
Y :V — (V) C F, and a linear operator A € L(E, F) which is a linear section (resp. a linear
retraction) and such that ¢ fo~! = A|,). Then Y := f(U) is submanifold of N and its tangent
space at y is T,Y = ran D f(z), (resp. X := f~1(V) N U is a submanifold of M and its tangent
space at x is T, X = ker Df(x) ). The map f is said simply an immersion (resp. a submersion),
if it is a local immersion (resp. a local submersion) at any « € M (resp. z € X). In the first case,
if f is also injective, f(M) is said an immersed submanifold of N. The usual criterion for local
immersion and submersion states that f is a local immersion (resp. a local submersion) at x if and
only if Df(z) € L(T,M,T,N) is a linear section (resp. a linear retraction). A standard reference
is [Lan62].

Discrete convolutions on ¢, classes. If (E,|-|)is a Banach space, the {,-norm of v : Z — E'is
lulp = (X rez |u(k:)|p)%, for 1 <p < 00, or |u|s := supyey |u(k)|. Then £,(Z, E) denotes the Ba-
nach space of all u : Z — E such that |u|, < co. The set ¢o(Z, E) := {u: Z — E | limy— ;o = 0}
is a closed subspace of o (Z,F) and for all 1 < p < ¢ < o0, £,(Z,E) C £,(Z,E) C ¢y(Z,E) C
ls(Z,E). The analogous class {u: N — E | limy_, ;o = 0} is denoted simply by ¢o(E); it can
be viewed as a closed splitting subspace of ¢(Z, E). Indeed, there are linear maps co(E) 5
co(Z, E) % ¢o(E), the inclusion j being given by zero-extension, the map p being given by restric-
tion to N C Z.

If g € t4(Z,L(E)) and u € lo(Z, E), their convolution product g *u is defined by (g *u)(k) :=
> jez 9(k —j)u(j). Young’s inequality |g+ul, < [g]1|ul, implies that for any p € [1, +o00] the con-
volution product is continuous as a bilinear map I3 (Z, L(E)) x 1,(Z,E) — 1,(Z, E). Furthermore,
g*u € co(Z, E) whenever g € (1(Z,L(F)) and u € ¢o(Z, E). *

Notice that the convolution with g € ¢1(Z, L(E)) defines a bounded linear operator R, on ¢ (E)
by u +— g *u (more precisely, Rgu = p(g* j(u))). We shall denote by S the left shift S € L(co(E))
defined by (Su)(k) = u(k + 1). Finally, we recall that every continuous map f : £ — F with
£(0) = 0 induces by composition a continuous map fi : co(E) — co(F), fu(u) := fou. If fisof
class C", 1 < r < 400 or r = w, 0 is fi, and the j-th differential at u € ¢o(F) is given by the
formula (D7 f. (u)[v}?) (k) = D7 f(u(k))[v(k)}.

2 The Stable Manifold Theorem

We may assume that M = E and that £ = 0: the case of a general manifold can be easily
deduced by “topological continuation? 7, like in the proof of Theorem 2.2. So f : E — E is a
diffeomorphism of class C", 1 < r < oo or r = w, f(0) = 0 and Df(0) = T € L(E) is linear
hyperbolic, i.e. there exists a T-invariant splitting £ = E° & E* such that

|Tx| < Nz| ifxe B, |T'z| < \z| ifzec B,

for some A €]0, 1[. We wish to prove that

W (0) == {x €E| lim f"(2)= o}

IThis follows immediately by approximating g with the sequence g, := X[—n,+n]9s for gn — gin b1, gn xu €
co(Z, FE) and by Young’s inequality |g*u—gn*u|oo = |(g—gn)*U|lcc < |gn —gl|1|tt|cc — 0, 50 gxu = limp 00 gn *u €
co(Z,E).

2We borrow the expression from [Sma67].




is an immersed C" submanifold of E, diffeomorphic to E* and such that ToW*(0) = E*. Set
M :={u€co(F)|uln+1)= f(uln)) Vn € N}.

Therefore, W*#(0) = {u(0) | uw € M}. Our strategy is to use the Implicit Function Theorem to
prove that M is an embedded submanifold of ¢y(E), and then to show that the evaluation map
M 3w u(0) € E is an injective immersion. Notice that M = (S — f.)~1({0}), where S and f.
have been described above. We start by studying the differential of the map S — f, at 0, which is
D(S — f)(0) =S - T..

Lemma 2.1 Assume that T € L(E) is linear hyperbolic with constant X €]0,1[. Set, for k € Z,
g(k) :==T" " (xz+ (k)1g — Pgu),

where ZT = {1,2,...}. Then g € {1(Z,L(E)) and the corresponding convolution operator R, €
L(co(E)) is a right inverse of S —T,. Moreover,

ker(S —T,) = {u € co(E) | u(0) € E*, u(k) = T*u(0) Vk € N}.

Proof. By the hypotheses, |g(k)| = |T* *Pgs| < A~1if k > 0, while |g(k)| = |TF ! Pgu| <
ARk <0, 80 g € 6(Z, L(E)), since |g[1 = oy AP 430,00 AP = 12 < 400, We have,
for any u € ¢o(F) and k € N, a a

[(S—Ty) ng—i—l—j ZTg —ju

—+oo

=> TF[xz+(k+1—j) = xz+(k - ZTkX{o} — ju(j) = u(k),

Jj=0

that is, (S — Tu)R, = 1. 3 Finally, it is clear that u € ker(S — T%) if and only if u(k) = T*u(0)
for any k € N, which defines an element of ¢o(F) if and only if u(0) € E*. O

Notice that the closed space
ran R, = {u € ¢o(E) | u(0) € E*}

is a direct summand of ker(S — T), the projections being Pyer(s—7.) = [S — Tk, R,], which maps
u to (T’fPEsu(O))kZO, and Pran p, = Ry(S —T.) = 15 — Prer(s—1.)-

Theorem 2.2 If fisC", 1 <r < 400 orr =w, the map S— f, is a local submersion at any point
x €M, and M is a C" submanifold of co(E), diffeomorphic to E*, such that TyM = ker(S —Ty).

Proof. We have D(S — f.)(0) = S — T, which is a linear retraction by Lemma 2.1. Thus
S — f« is a local submersion at some open neighborhood U of 0. If uw € M, for some m € N
the m-th iterated fI"* subordinates a diffeomorphism of some open neighborhood V of z into U,
[y V= (V) c U, and f"(VN M) = fi*(V) N M. This shows that S — f. is a submersion
at any point of M, and M is a submanifold of ¢o(F), such that Ty M = ker(S — Ty). a

3Here is a more heuristic argument to find a left inverse to the linear operator S — Ti. First notice that
the equation (S — Tx) = h € co(E) is equivalent to u(k + 1) = Tu(k) + h(k), Yk > 0, that iterated gives
u(k) = T*u(0) +Zf;& T*=1=7h(5). We can split this equation into u(k) = T* Pgsu(0) + Zf;& Tk=1=J Pgsh(j) +
Tk [PEuu(O) + 25;3 T-179Pgu h(j)]A Now the first and the second term converge as k — oo since |[|TPgs|| < A.

The third term may not converge unless the sequence into square brackets converge to 0, that is, Pguu(0) +
Zf;& T~ 1= Pguh(j) = — Z;;oz T—179 Pguh(j), whence u(k) = T Pgsu(0) + (g * h)(k).



Remark 2.1 More is true: the map S — f. is a submersion on the whole domain co(E); however
we shall not need this stronger fact.

Theorem 2.3 The evaluation operator evy € L(co(E), E) subordinates an injective immersion of
M onto W*5(0), and W*(0) is an immersed submanifold of E with ToW*(0) = E*.
Proof. The map evg is indeed injective, for u € M if and only if u(k) = f*u(0), Vk
Similarly, D(evgjnq) is injective, for v € ToM C ¢o(E) if and only if v(k) = T*v(0), Vk
Moreover, ran D(evgjrq) = E°, a splitting subspace of £ by hypothesis.

The map evy is therefore a local immersion at 0; thanks to the same “topological continuation
argument” used in Theorem 2.2, it turns out to be an injective immersion of M onto W#(0). Hence,
W#(0) is an immersed submanifold of E. Finally, TyW*(0) = ran D(evo|M) = ran (evojpm) =
E?, just because Ty M = ker(S — T). a

0.
0.
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