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Introduction

These lectures consist of three parts. In the first one we review some results about the dynamics of
differentiable flows with hyperbolic rest points, in a Banach space setting. In particular, we prove
the local stable manifold theorem, the Grobman-Hartman linearization theorem, and we describe
the global stable and unstable manifolds in the case of a flow admitting a Lyapunov function.

In the second part we study the Morse complex of gradient-like flows on Banach manifolds,
assuming that all the rest points have finite Morse index. We introduce this chain complex as the
cellular chain complex of a suitable cellular filtration of the underlying manifold M . In particular,
the homology of the Morse complex is isomorphic to the singular homology of M (or to the
singular homology of the pair (M̂,A), in the relative case, in which we consider a gradient like
flow on M̂ , with a positively invariant open set A, and we consider the rest points in M = M̂ \A
in the construction of the Morse complex). Then we describe the chain boundary operator in
terms of the intersection numbers of the unstable and stable manifolds of pairs of rest points with
index difference equal to 1. Finally, we specialize the analysis to the negative gradient flow of a
Morse function on a Riemannian Hilbert manifold. In this case, we prove that the Morse-Smale
transversality assumption holds for generic perturbations of the metric, and that the isomorphism
class of the Morse complex does not depend on the metric. These results provide an alternative
approach to infinite dimensional Morse theory, as developed by Palais and Smale in the sixties,
see [Pal63, Sma64a, Sma64b].

The third part is an exposition of recent results by the authors (see [AM03b]) about the Morse
complex approach for gradient-like flows whose rest points have infinite Morse index and co-index.
The framework is that of a Hilbert manifoldM with a fixed infinite dimensional and co-dimensional
sub-bundle V of the tangent bundle. When the gradient-like flow satisfies suitable compatibility
conditions with respect to V, each rest point x can be given a relative Morse index m(x,V), and
the unstable and stable manifolds of pairs of critical points x, y intersect in submanifolds of finite
dimension m(x,V) −m(y,V). The study of the Hilbert Grassmannian, and in particular of the
determinant bundle on the space of Fredholm pairs of subspaces of a Hilbert space, allow to prove
that these intersections carry coherent orientations. Finally, suitable integrability assumptions on
V, together with compactness assumptions on the flow, imply that the above intersections have
compact closure in M . These facts allow to define the Morse complex.

The first two parts contain fairly detailed proofs of all the statements, most of which - especially
in the second part - are folklore results, for which we could not find appropriate reference in the
literature. The style of the third part is different: proofs are only sketched, or given in a simplified
framework. We refer to [AM03b] for a more complete presentation.

1 A few facts from hyperbolic dynamics

1.1 Adapted norms

Let E be a real Banach space. A bounded linear operator L on E is said hyperbolic if its spectrum
does not meet the imaginary axis1: σ(L)∩ iR = ∅. In this case, the decomposition of the spectrum
of L into the disjoint closed subsets σ+(L) = σ(L) ∩ {Re z > 0} and σ−(L) = σ(L) ∩ {Re z < 0}
induces the splitting E = Eu ⊕ Es into L-invariant closed linear subspaces, such that σ(L|Eu) =
σ+(L) and σ(L|Es) = σ−(L), with projectors Pu = χ{Re z>0}(L), P s = χ{Re z<0}(L). The spaces
Eu = Eu(L) and Es = Es(L) are often called the positive (or unstable) and the negative (or stable)
eigenspaces of L (although they may not consist of eigenvectors).

An L-adapted norm is an equivalent norm ‖ · ‖ on E such that:

(1) ‖ξ‖ = max{‖Puξ‖, ‖P sξ‖}, ∀ξ ∈ E,
1In the framework of discrete dynamical systems, a hyperbolic operator is a bounded operator whose spectrum

does not meet the unit circle. In that context, an operator L satisfying σ(L)∩iR = ∅ should be called infinitesimally
hyperbolic.
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and there is λ > 0 such that for every t ≥ 0

(2) ‖etLξ‖ ≤ e−λt‖ξ‖ ∀ξ ∈ Es, ‖e−tLξ‖ ≤ e−λt‖ξ‖ ∀ξ ∈ Eu.

As a consequence, also

(3) ‖e−tLξ‖ ≥ eλt‖ξ‖ ∀ξ ∈ Es, ‖etLξ‖ ≥ eλt‖ξ‖ ∀ξ ∈ Eu,

for every t ≥ 0. Such an adapted norm exists. Actually, for every λ in the interval ]0,min |Reσ(L)|[
there is a norm ‖ · ‖ satisfying (1), (2), and (3). The construction is based on the following lemma,
applied to L|Es and to −L|Eu .

1.1 Lemma. Let L be a bounded operator on the Banach space (E, ‖ · ‖0), and let λ be a real
number such that λ > max Reσ(L). Then there exists a norm ‖ · ‖ on E equivalent to ‖ · ‖0 such
that ‖etLξ‖ ≤ etλ‖ξ‖ for every ξ in E and t ≥ 0.

Proof. Up to replacing L by L− λI, we may assume that λ = 0, so α := maxReσ(L) is negative,
and we must find an equivalent norm ‖ · ‖ for which ‖etLξ‖ ≤ ‖ξ‖, for every ξ ∈ E and t ≥ 0.
Still denoting by ‖ · ‖0 the operator norm induced by ‖ · ‖0, the spectral radius formula and the
spectral mapping theorem imply

lim
t→+∞

‖etL‖1/t0 = max |σ(eL)| = max
∣∣∣eσ(L)

∣∣∣ = eα < 1.

Therefore, there exists c0 > 0 such that ‖etL‖0 ≤ c0e
αt/2 for every t ≥ 0, so

‖ξ‖ :=
∫ +∞

0

‖etLξ‖0 dt ≤
2c0
α
‖ξ‖0 ∀ξ ∈ E,

defines a norm on E not finer than ‖ · ‖0. On the other hand, by compactness ‖e−tL‖0 ≤ c1 for
every t ∈ [0, 1], so

‖ξ‖ ≥
∫ 1

0

‖etLξ‖0 dt ≥
1
c1
‖ξ‖0 ∀ξ ∈ E,

and the norm ‖ · ‖ is equivalent to ‖ · ‖0. Finally, for every t ≥ 0 and ξ ∈ E,

‖etLξ‖ =
∫ +∞

0

‖e(s+t)Lξ‖0 ds =
∫ +∞

t

‖esLξ‖0 ds ≤ ‖ξ‖,

concluding the proof.

1.2 Exercise. Find an adapted norm for the hyperbolic operator on E = R2 defined by the matrix

L =
(
−1 µ
0 −1

)
,

where µ ∈ R, and draw the corresponding unit ball when µ is large.

1.3 Exercise. Prove that if L is a normal operator on a Hilbert space H, that is L commutes
with its adjoint L∗, then the Hilbert norm is L-adapted.

1.2 Linear stable and unstable spaces of an asymptotically hyperbolic
path

Let A : [0,+∞] → L(E) be a continuous path of bounded linear operators on the Banach space
E, such that A(+∞) is hyperbolic. Let XA : [0,+∞[→ L(E) be the solution of the linear Cauchy
problem {

X ′
A(t) = A(t)XA(t),

XA(0) = I.
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1.4 Exercise. Prove that XA(t) is an isomorphism for every t, and find a linear Cauchy problem
solved by its inverse.

The linear subspace of E

W s
A =

{
ξ ∈ E | lim

t→+∞
XA(t)ξ = 0

}
is said the linear stable space of the asymptotically hyperbolic path A. Similarly, if A : [−∞, 0] →
L(E) is a continuous path of operators such that A(−∞) is hyperbolic, the linear unstable space
of A is defined as

Wu
A =

{
ξ ∈ E | lim

t→−∞
XA(t)ξ = 0

}
.

1.5 Exercise. Prove that if A(t) ≡ L is constant (and hyperbolic), then W s
A = Es(L), the negative

eigenspace of L, and Wu
A = Eu(L), the positive eigenspace of L.

A consequence of the hyperbolicity of A(+∞) is that the linear subspaces W s
A and Wu

A are
closed and complemented in E, and they are isomorphic to Es(A(+∞)) and to Eu(A(−∞)),
respectively. Indeed, one can prove that if A is close enough to A(+∞) in the L∞ norm, then
W s
A is the graph of a bounded operator from Es(A(+∞)) to Eu(A(+∞)). The statement for a

general asymptotically hyperbolic path A follows, because

W s
A = XA(t)−1W s

A(t+·).

See for instance [AM03c], Proposition 1.2, for a complete proof (the case of a Hilbert space is
treated in that reference, but the proof in the Banach setting presents no difference).

Denote by Ck0 ([0,+∞[, E) the Banach space of all Ck curves u : [0,+∞[→ E such that

lim
t→+∞

u(h)(t) = 0 ∀h ∈ {0, 1, . . . , k}.

1.6 Proposition. Let A ∈ C0([0,+∞],L(E)) be a path of bounded linear operators on the Banach
space E such that L = A(+∞) is hyperbolic.

(i) The bounded linear operator

F+
A : C1

0 ([0,+∞[, E) → C0
0 ([0,+∞[, E), u 7→ u′ −Au,

is a left inverse. Moreover, F+
A admits a right inverse R+

A such that

(4) W s
A +

{
R+
Av(0) | v ∈ C0

0 ([0,+∞[, E), v(0) = 0
}

= E.

(ii) The evaluation map
kerF+

A → E, u 7→ u(0),

is a right inverse.

Proof. We endow E with a Banach norm ‖ · ‖ adapted to L.
(i) Let us start by considering the case of the constant path A(t) ≡ L. By (2), the operator

valued piece-wise continuous function

G : R→ L(E), G(t) = etL (1R+(t)P s − 1R−(t)Pu) ,

satisfies ‖G(t)‖ ≤ e−λ|t|, in particular it is integrable on R. Let v ∈ C0
0 ([0,+∞[, E). It is readily

seen that the curve

u(t) = (G ∗ v)(t) =
∫ +∞

0

G(t− τ)v(τ) dτ

is continuously differentiable and solves the equation

(5) u′(t)− Lu(t) = v(t).
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Moreover, the inequality

(6) ‖u(t)‖ ≤ ‖G‖L1(R,L(E))‖v‖∞,[s,+∞[ + ‖G‖L1(]t−s,t[,L(E))‖v‖∞,

shows that u ∈ C0
0 ([0,+∞[, E), so by (5), u ∈ C1

0 ([0,+∞[, E). We conclude that the operator

R+
L : C0

0 ([0,+∞[, E) → C1
0 ([0,+∞[, E), v 7→ G ∗ v,

is a right inverse of F+
L . Indeed, such a linear map is continuous by (5) and (6) with s = 0. Let

us check that the operator v 7→ R+
Lv(0) maps v ∈ C∞c (]0,+∞[, E) onto Eu; since Eu is a direct

complement of Es = W s
L this implies that the right inverse R+

L satisfies (4). Let ϕ be a smooth
real function with suppϕ ⊂]0,+∞[ so small that the operator

U :=
∫ +∞

0

ϕ(τ)e−τL dτ ∈ L(E)

is an isomorphism. The operator U preserves the splitting E = Eu ⊕ Es. If ξ ∈ Eu, setting
v = −ϕU−1ξ, there holds

R+
Lv(0) =

∫ +∞

0

e−τLPuϕ(τ)U−1ξ dτ =
(∫ +∞

0

ϕ(τ)e−τL dτ
)
U−1ξ = ξ,

proving the claim.
Let us now consider the general case. Setting As(t) = A(s+ t), we have that

lim
s→+∞

F+
As

= F+
L

in the operator norm of L(C1
0 , C

0
0 ). Since the set of left inverses is open, by our previous case we

deduce that F+
As

has a right inverse R+
As

for s large, such that R+
As

→ R+
L in the operator norm

for s→ +∞. Since the space of surjective operators is open, R+
As

satisfies (4) for s large.
Fix such a large s. We can now define a right inverse R+

A of F+
A by setting R+

Av = u, where u
is the solution of the linear Cauchy problem{

u′ −Au = v,
u(s) = R+

As
vs(0).

The continuity of R+
A is easily seen by the formula

(R+
Av)(t) = XA(t)

(
XA(s)−1R+

As
vs(0) +

∫ t

s

XA(τ)−1v(τ) dτ
)
.

Finally, the fact that R+
As

satisfies (4) implies that also R+
A satisfies (4). Indeed, let ξ ∈ E, and

let v ∈ C0
0 ([0,+∞[, E) with v(0) = 0 be such that

(7) XA(s)ξ ∈ R+
As
v(0) +W s

As
.

Since v(0) = 0, the curve

w(t) =
{
v(t− s) if t ≥ s,
0 if 0 ≤ t ≤ s,

belongs to C0
0 ([0,+∞[, E). Since w vanishes on [0, s], R+

Aw solves the equation u′ − Au = 0 on
[0, s], so

(8) R+
As
v(0) = R+

Aw(s) = XA(s)R+
Aw(0).

By (7) and (8),
ξ ∈ R+

Aw(0) +XA(s)−1W s
As

= R+
Aw(0) +W s

A,
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concluding the proof of (i).
(ii) The kernel of F+

A is
kerF+

A = {XA(t)ξ | ξ ∈W s
A} ,

so if Q ∈ L(E) is a projector onto W s
A, the linear map

E → kerF+
A , ξ 7→ XA(·)Qξ,

is a left inverse of the evaluation at 0,

kerF+
A → E, u 7→ u(0).

1.7 Remark. If P is a projector onto W s
A, it can be shown that

R+
Av(t) =

∫ +∞

0

XA(t)(1R+(t− τ)P − 1R−(t− τ)(I − P ))XA(τ)−1v(τ) dτ

defines a right inverse of F+
A . See [AM03c] for a more extensive discussion of the topics of this

section.

We conclude this section by establishing some properties of the operator d/dt − A(t) on the
whole real line.

1.8 Proposition. Assume that A ∈ C0(R,L(E)) has hyperbolic asymptotic operators A(−∞)
and A(+∞), both with finite dimensional positive eigenspace. Then the bounded linear operator

FA : C1
0 (R, E) → C0

0 (R, E), u 7→ u′ −Au,

is Fredholm of index
indFA = dimEu(A(−∞))− dimEu(A(+∞)).

Moreover, Wu
A +W s

A is closed and

(9) kerFA ∼= Wu
A ∩W s

A, cokerFA ∼= E/(Wu
A +W s

A).

Proof. Since Wu
A
∼= Eu(A(−∞)) and W s

A
∼= Es(A(+∞)), the first space is finite dimensional and

the second one is finite codimensional, with

(10) dimWu
A = dimEu(A(−∞)), codimW s

A = dimEu(A(+∞)).

Therefore, Wu
A +W s

A is (closed and) finite codimensional, and

(11) dimWu
A ∩W s

A − codim(Wu
A +W s

A) = dimWu
A − codimW s

A.

The kernel of FA is the linear subspace

kerFA = {XA(t)ξ | ξ ∈Wu
A ∩W s

A} ,

so

(12) dim kerFA = dimWu
A ∩W s

A.

By Proposition 1.6 (i), the operators

F+
A : C1

0 ([0,+∞[, E) → C0
0 ([0,+∞[, E), u 7→ u′ −Au,

F−A : C1
0 (]−∞, 0], E) → C0

0 (]−∞, 0], E), u 7→ u′ −Au,
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have right inverses R+
A and R−A. If v is an element of C0

0 (R, E), any solution of u′ − Au = v has
the form

u(t) = XA(t)(u(0)−R+
Av(0)) +R+

Av(t), ∀t ≥ 0,
u(t) = XA(t)(u(0)−R−Av(0)) +R−Av(t), ∀t ≤ 0.

Such a curve u belongs to C1
0 (R, E) if and only if u(0)−R+

Av(0) ∈W s
A and u(0)−R−Av(0) ∈Wu

A.
Therefore, v belongs to the range of FA if and only if the affine subspaces R+

Av(0) + W s
A and

R−Av(0) + Wu
A have non-empty intersection, that is if and only if R+

Av(0) − R−Av(0) belongs to
W s
A +Wu

A. So the range of FA is the linear subspace

ranFA =
{
v ∈ C0

0 (R, E) | R+
Av(0)−R−Av(0) ∈Wu

A +W s
A

}
.

Such a linear subspace is closed. By the second assertion in Proposition 1.6 (i), the operator

C0
0 (R, E) → E

Wu
A +W s

A

, v 7→ [R+
Av(0)−R−Av(0)],

is onto, so

(13) codim ranFA = codim(Wu
A +W s

A).

All the statements follow from (10), (11), (12), and (13).

1.3 Morse vector fields

Let M be a Banach manifold of class C2, i.e. a paracompact Hausdorff topological space, locally
homeomorphic to a Banach space E, endowed with an atlas whose transition maps are of class
C2. See [Lan99] for foundational results on Banach manifolds. A C1 tangent vector field X on M
defines a local flow φ solving

∂tφ(t, p) = X(φ(t, p)), φ(0, p) = p, ∀p ∈M, −∞ ≤ t−(p) < t < t+(p) ≤ +∞,

where ]t−(p), t+(p)[ denotes the maximal interval of existence of the above Cauchy problem. The
functions t− and t+ are upper and lower semi-continuous, respectively. Denote by Ω(X) the
subset of R ×M which lies strictly between the graph of t− and the graph of t+. Then Ω(X) is
an open neighborhood of {0} ×M , and the map φ : Ω(X) → M is of class C1. The vector field
X is said complete (resp. positively complete, resp. negatively complete) if Ω(X) = R ×M (resp.
Ω(X) ⊃ [0,+∞[×M , resp. Ω(X) ⊃]−∞, 0]×M).

Let A be a positively invariant subset of M : this means that if p ∈ A then φ(t, p) ∈ A for
every t ∈ [0, t+(p)[. The vector field is said positively complete with respect to A if for every p ∈M
such that t+(p) < +∞ there exists t ∈ [0, t+(p)[ such that φ(t, p) ∈ A. Similarly, one defines a
negatively complete vector field with respect to a negatively invariant subset.

A rest point of X is a point x ∈ M such that X(x) = 0. The set of rest points of X will be
denoted by rest (X). The Jacobian of X at a rest point x is the bounded linear operator on TxM
defined by ∇X(x)ξ = [X,Y ](x), where ξ ∈ TxM and Y is a tangent vector field on M such that
Y (x) = ξ. Indeed, the fact that X(x) = 0 implies that this definition does not depend on the
choice of extension Y of ξ.

1.9 Exercise. Give an alternative definition of the Jacobian of a vector field at a rest point in
terms of a local chart: if ϕ : U → E maps a neighborhood U of x ∈ rest (X) diffeomorphically
onto an open subset of the Banach space E, define the operator ∇X(x) on TxM by

ϕ∗(∇X(x)ξ) = D(ϕ∗X)(ϕ(x))[ϕ∗ξ], ∀ξ ∈ TxM,

where, for η ∈ TpM , ϕ∗η is the vector in E defined by ϕ∗η = Dϕ(p)[η]. Show that such a definition
does not depend on the choice of the chart ϕ.
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A rest point x of X is said hyperbolic if the Jacobian of X at x is a hyperbolic operator. The
corresponding splitting of the tangent space at x will be denoted by TxM = Eux ⊕ Esx. By the
inverse mapping theorem, the hyperbolic rest points are isolated in rest (X). The Morse index
m(x) ∈ N∪{+∞} of the hyperbolic rest point x is the dimension of the subspace Eux . The Morse
co-index is the dimension of Esx. If all the rest points of X are hyperbolic, the vector field X is
said a Morse vector field.

1.4 Local dynamics near a hyperbolic rest point

Let U be an open neighborhood of 0 in the Banach space E, and let X ∈ C1(U,E) be a vector
field having 0 as a hyperbolic rest point. Denote by φ : Ω(X) → U the local flow of X. Let
L := ∇X(0) = DX(0), with splitting E = Eu ⊕ Es and projectors Pu, P s, and let us endow E
with an L-adapted norm ‖ · ‖. If V ⊂ E is a closed linear subspace, V (r) will denote the closed
ball in V of radius r centered in 0, and ∂V (r) will be the relative boundary of V (r) in V . Consider
the cones

Cu = {ξ ∈ E | ‖P sξ‖ ≤ ‖Puξ‖} ⊃ Eu, Cs = {ξ ∈ E | ‖Puξ‖ ≤ ‖P sξ‖} ⊃ Es.

We recall that if A ⊂ B ⊂ U the set A is said positively (negatively) invariant with respect to B if
for every ξ ∈ A and for every t > 0, φ([0, t]× {ξ}) ⊂ B implies φ([0, t]× {ξ}) ⊂ A (resp. for every
ξ ∈ A and for every t < 0, φ([t, 0]× {ξ}) ⊂ B implies φ([t, 0]× {ξ}) ⊂ A).

1.10 Lemma. For every r > 0 small enough there holds:

(i) the set Cu ∩ E(r) is positively invariant with respect to E(r);

(ii) the set Cs ∩ E(r) is negatively invariant with respect to E(r);

(iii) if ξ belongs to the set Cu ∩ ∂E(r) = ∂Eu(r)×Es(r) then ‖Puφ(t, ξ)‖ > r for every t ∈]0, 1],
and ‖Puφ(t, ξ)‖ < r for every t ∈ [−1, 0[;

(iv) if ξ belongs to the set Cs ∩ ∂E(r) = Eu(r)× ∂Es(r) then ‖P sφ(t, ξ)‖ < r for every t ∈]0, 1],
and ‖P sφ(t, ξ)‖ > r for every t ∈ [−1, 0[.

Proof. Since t+(0) = +∞ and t−(0) = −∞, we have t+(ξ) > 1 and t−(ξ) < −1 for ‖ξ‖ small
enough. A first order expansion of φ(t, ·) at 0 yields to

φ(t, ξ) = etLξ + o(ξ)t for ξ → 0,

uniformly in t ∈ [−1, 1]. Therefore, if r > 0 is small enough, for every ξ ∈ Cs ∩E(r) and t ∈ [0, 1],
(2) implies

‖P sφ(t, ξ)‖ = ‖P setLξ‖+ o(ξ)t = ‖etLP sξ‖+ o(P sξ)t ≤ e−λt‖P sξ‖+ o(P sξ)t ≤ e−λt/2‖P sξ‖,

and similarly, for every ξ ∈ Cu ∩ E(r) and t ∈ [0, 1], (3) implies

‖Puφ(t, ξ)‖ ≥ eλt/2‖Puξ‖.

All the statements follow from the above inequalities and from the analogous inequalities holding
for t ∈ [−1, 0].

1.11 Remark. In the language of Conley theory, E(r) is an isolating neighborhood for the in-
variant set {0}, and ∂Eu(r)× Es(r) is its exit set.
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1.5 Local stable and unstable manifolds

Given r > 0, the local unstable manifold and the local stable manifold of 0 are the sets

Wu
loc,r(0) =

{
ξ ∈ E(r) | t−(ξ) = −∞, φ(]−∞, 0]× {ξ}) ⊂ E(r), lim

t→−∞
φ(t, ξ) = 0

}
,

W s
loc,r(0) =

{
ξ ∈ E(r) | t+(ξ) = +∞, φ([0,+∞[×{ξ}) ⊂ E(r), lim

t→+∞
φ(t, ξ) = 0

}
.

When r is small, these sets are actually graphs of regular maps.

1.12 Theorem. (Local (un)stable manifold theorem) Assume that 0 is a hyperbolic rest point of
the Ck vector field X : U → E, k ≥ 1. For any r > 0 small enough, W s

loc,r(0) is the graph of a Ck

map σs : Es(r) → Eu(r) such that σs(0) = 0 and Dσs(0) = 0. Similarly, Wu
loc,r(0) is the graph of

a Ck map σu : Eu(r) → Es(r) such that σu(0) = 0, Dσu(0) = 0.

See [Shu87], chapter 5, for a proof based on the graph transform method. Here we will present
a proof based on the study of the orbit space and on Proposition 1.6.

Proof We shall prove the conclusion for the local stable manifold, the case of the unstable one
following by considering the vector field −X. The map

Φ : C1
0 ([0,+∞[, U) → C0

0 ([0,+∞[, E), u 7→ u′ −X ◦ u,

is of class Ck, and its differential at u ∈ C1
0 ([0,+∞[, U) is

DΦ(u) : C1
0 ([0,+∞[, E) → C0

0 ([0,+∞[, E), v 7→ v′ −DX(u)v.

Since DX(u(t)) converges to L = DX(0) for t → +∞, statement (i) of Proposition 1.6 implies
that DΦ(u) is a left inverse, so Φ is a Ck submersion. In particular, its set of zeros Φ−1({0}) is a
Ck submanifold of C1

0 ([0,+∞[, U). The set of zeros is non-empty, because it contains the curve
0. Actually

(14) T0Φ−1({0}) = kerDΦ(0) = ker(v 7→ v′ − Lv) =
{
etLξ | ξ ∈ Es

}
.

By statement (ii) of Proposition 1.6, the evaluation map ev0 : u 7→ u(0) subordinates an
immersion

ev0 : Φ−1({0}) → U,

which is injective by the uniqueness of the solution of Cauchy problems. Therefore,

W s(0) := ev0(Φ−1({0})) =
{
ξ ∈ U | t+(ξ) = +∞, lim

t→+∞
φ(t, ξ) = 0

}
is the image of an injective Ck immersion. The point 0 belongs to W s(0), and by (14),

T0W
s(0) = Dev0(0)T0Φ−1({0}) = ev0(T0Φ−1({0})) = Es.

By the implicit function theorem, if r is small enough the path-connected component of W s(0) ∩
E(r) containing 0 - call it Zr - is the graph of a Ck map

σs : Es(r) → Eu(r)

such that σs(0) = 0 and Dσs(0) = 0.
We claim that if r is so small that the conclusions of Lemma 1.10 hold, and that the Lipschitz

norm of σs is less than 1, then Zr = W s
loc,r(0), which concludes the proof. Indeed, by definition

W s
loc,r(0) ⊂ Zr, a path connecting ξ ∈ W s

loc,r(0) to 0 within W s(0) ∩ E(r) being provided by the
orbit of ξ. On the other hand, notice that by definition Zr is positively invariant with respect
to E(r). So if there exists ξ ∈ Zr \ W s

loc,r(0), by Lemma 1.10 there is some t > 0 for which
φ(t, ξ) ∈ (∂Eu(r) × Es(r)) (the latter is the exit set of E(r)) and φ(t, ξ) ∈ Zr (Zr is positively
invariant with respect to E(r)). Therefore Zr ∩ (∂Eu(r)×Es(r)) is non-empty, contradicting the
fact that Zr is the graph of a map whose Lipschitz constant is less than 1, taking value 0 at 0.
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1.6 The Grobman-Hartman linearization theorem

The Grobman-Hartman theorem says that up to a change of variables, the dynamics near a
hyperbolic point is the dynamics given by a linear vector field. We will deduce this fact from
the analogous statement for discrete dynamical systems. The proof is adapted from [Shu87]. Let
us start with a result about the existence, uniqueness, and Hölder regularity of a semi-conjugacy
between two perturbations of a linear operator.

1.13 Proposition. Let E = Eu⊕Es be an invariant splitting for the bounded invertible operator
T . Let Pu and P s be the corresponding projectors, and assume that there exists µ < 1 such that

max{‖P sTP s‖, ‖PuT−1Pu‖} ≤ µ.

Let ϕ and ψ be Lipschitz continuous maps from E to E such that:

(i) ‖ϕ− ψ‖∞ < +∞;

(ii) lipϕ < 1− µ;

(iii) lipψ < 1/‖T−1‖.

Then there exists a unique bounded map g : E → E such that

(15) (T + ϕ) ◦ (I + g) = (I + g) ◦ (T + ψ).

Moreover,

‖g‖∞ ≤ ‖ϕ− ψ‖∞
1− (µ+ lipϕ)

,

and setting

θ := max
{
‖T‖+ lipψ,

‖T−1‖
1− ‖T−1‖lipψ

}
,

g is α-Hölder continuous for every

α <
− log(µ+ lipϕ)

log θ
.

Notice that if Eu 6= (0), then ‖T‖ ≥ ‖PuTPu‖ ≥ 1/µ, while if Es 6= (0), then ‖T−1‖ ≥
‖P sT−1P s‖ ≥ 1/µ. Therefore log θ ≥ − logµ, so the quantity − log(µ+ lipϕ)/ log θ appearing in
the above proposition does not exceed 1. In general, the map g is not locally Lipschitz, even when
ϕ and ψ are smooth.

Proof. For an E-valued map f , we denote by fu and fs its components with respect to the
splitting E = Eu⊕Es, that is fu := Puf , fs := P sf . By applying the projectors Pu and P s, (15)
is equivalent to

(16)
{

(Tu + ϕu) ◦ (I + g) = (Pu + gu) ◦ (T + ψ),
(Ts + ϕs) ◦ (I + g) = (P s + gs) ◦ (T + ψ).

Since lipT−1ψ ≤ ‖T−1‖lipψ < 1, the map T + ψ = T (I + T−1ψ) is a homeomorphism of E onto
E. Actually, its inverse is Lipschitz continuous with

(17) lip (T + ψ)−1 = lip ((I + T−1ψ)−1T−1) ≤ ‖T−1‖
1− ‖T−1‖lipψ

.

By a simple algebraic manipulation, (16) is equivalent to the fixed point problem F (g) = g, where

F (g)u = T−1
u (gu ◦ (T + ψ)− ϕu ◦ (I + g) + ψu),

F (g)s = (Tsgs + ϕs ◦ (I + g)− ψs) ◦ (T + ψ)−1.
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Since

‖F (g)u‖∞ ≤ µ((1 + lipϕ)‖g‖∞ + ‖ϕ− ψ‖∞) ≤ (µ+ lipϕ)‖g‖∞ + µ‖ϕ− ψ‖∞,(18)
‖F (g)s‖∞ ≤ (‖Ts‖+ lipϕ)‖g‖∞ + ‖ϕ− ψ‖∞ ≤ (µ+ lipϕ)‖g‖∞ + ‖ϕ− ψ‖∞,(19)

F maps B(E,E), the Banach space of bounded maps from E to E, into itself. Actually, (18) and
(19) imply that if ‖g‖∞ ≤ R, with

R :=
‖ϕ− ψ‖∞

1− (µ+ lipϕ)
,

then ‖F (g)‖∞ ≤ R. Moreover, the maps Fu = PuF : B(E,E) → B(E,Eu) and Fs = P sF :
B(E,E) → B(E,Es) are Lipschitz with

lipFu ≤ ‖Tu‖−1(1 + lipϕ) ≤ µ(1 + lipϕ) < 1,
lipFs ≤ ‖Ts‖+ lipϕ ≤ µ+ lipϕ < 1,

so F : B(E,E) → B(E,E) is a contraction, proving that there exists a unique g ∈ B(E,E)
satisfying (15). Since F maps the closed R-ball of C0 ∩ B(E,E) into itself, the fixed point g is
continuous and bounded by R.

If h ∈ B(E,E) has modulus of continuity2 ω, then F (h)u has modulus of continuity

(20) t 7→ µω((‖T‖+ lipψ)t) + µ lipϕω(t) + µ(lipϕ+ lipψ)t,

while by (17), F (h)s has modulus of continuity

(21) t 7→ (µ+ lipϕ)ω(σt) + (lipψ + lipϕ)σt,

where σ := ‖T−1‖/(1− ‖T−1‖ lipψ). Comparing (20) and (21), we find that setting

a := (lipϕ+ lipψ)σ,

the function
t 7→ (µ+ lipϕ)ω(θt) + at

is a modulus of continuity for F (h). If moreover ‖h‖∞ ≤ R, we have that ‖F (h)‖∞ ≤ R, so F (h)
has modulus of continuity

t 7→ min{(µ+ lipϕ)ω(θt) + at, 2R}.

Therefore, if a modulus of continuity ω satisfies

(22) min{(µ+ lipϕ)ω(θt) + at, 2R} ≤ ω(t) ∀t ∈ [0,+∞[,

we deduce that the non-empty closed subset of B(E,E)

{h ∈ B(E,E) | ‖h‖∞ ≤ R, h has modulus of continuity ω}

is F -invariant, hence the fixed point g has modulus of continuity ω. A function of the form
ω(t) = ctα satisfies (22) if

(µ+ lipϕ)θα < 1,

and c is large enough. The conclusion follows.

If we symmetrize the assumptions of the above proposition, a standard argument involving
uniqueness yields to the following global version of the Grobman-Hartman theorem for discrete
dynamical systems.

2Here, moduli of continuity are always assumed to be non-decreasing.
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1.14 Corollary. Let T be an invertible bounded operator on E satisfying the same assumptions
of Proposition 1.13. Let ϕ and ψ be Lipschitz continuous maps from E to E such that

(i) ‖ϕ− ψ‖∞ < +∞;

(ii) lipϕ < min{1− µ, 1/‖T−1‖}, lipψ < min{1− µ, 1/‖T−1‖}.

Then there exists a unique bounded map g : E → E such that

(T + ϕ) ◦ (I + g) = (I + g) ◦ (T + ψ).

Moreover, g is Hölder continuous, and I + g is homeomorphism of E onto E.

Proof. Applying Proposition 1.13 to the pair (ϕ,ψ) and to the pair (ψ,ϕ), we find Hölder contin-
uous bounded maps g : E → E and h : E → E such that

(T + ϕ) ◦ (I + g) = (I + g) ◦ (T + ψ),
(T + ψ) ◦ (I + h) = (I + h) ◦ (T + ϕ).

It follows that (I + g) ◦ (I + h), which is of the form I + k with k ∈ B(E,E), satisfies

(T + ϕ) ◦ (I + k) = (I + k) ◦ (T + ϕ).

By the uniqueness statement of Proposition 1.13 applied to the pair (ϕ,ϕ), k must be the zero
map, that is (I + g) ◦ (I + h) = I. Similarly, (I + h) ◦ (I + g) = I, so I + g is a homeomorphism
of E onto E with inverse I + h.

Now we can derive a global version of the Grobman-Hartman theorem for flows.

1.15 Theorem. Let L be a hyperbolic operator on E. Let ‖ · ‖ be an L-adapted norm on E,
satisfying (1) and (2) for some positive λ. Let B1 : E → E and B2 : E → E be Lipschitz
continuous maps such that

(i) ‖B1 −B2‖∞ < +∞;

(ii) lipB1 < λ, lipB2 < λ.

Then the flows φ1, φ2 : R×E → E of the vector fields X1(ξ) = Lξ+B1(ξ) and X2(ξ) = Lξ+B2(ξ)
are conjugated. More precisely, there is a unique bounded map g : E → E such that

φ1(t, (I + g)(ξ)) = (I + g)(φ2(t, ξ)) ∀(t, ξ) ∈ R× E,

and I + g is a homeomorphism of E onto E. Moreover, g is α-Hölder continuous for every

α <
λ− lipB1

‖L‖+ lipB2
.

Proof. A c-Lipschitz vector field X produces a globally defined flow φ, with lipφ(t, ·) ≤ ec|t|. If
two c-Lipschitz vector fields X1, X2 have bounded distance, then

‖φ1(t, ·)− φ2(t, ·)‖∞ ≤ ‖X1 −X2‖∞|t|ec|t|.

Let ψi(t, ξ) = φi(t, ξ)−etLξ, for i = 1, 2. By our initial considerations, for every t the maps ψ1(t, ·)
and ψ2(t, ·) are Lipschitz and have bounded distance. The maps ψi satisfy

(23) ψi(t, ξ) =
∫ t

0

e(t−s)LBi(esLξ + ψi(s, ξ)) ds ∀(t, ξ) ∈ R× E.
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By (23),

lipψi(t, ·) ≤ lipBi

∣∣∣∣∫ t

0

‖e(t−s)L‖(‖esL‖+ lipψi(s, ·)) ds
∣∣∣∣

≤ |t|lipBi sup
|s|≤|t|

‖esL‖

(
sup
|s|≤|t|

‖esL‖+ sup
|s|≤|t|

lipψi(s, ·)

)

= |t|lipBi

(
1 + sup

|s|≤|t|
lipψi(s, ·)

)
(1 + o(1)),

for t→ 0. Taking the supremum for all |t| ≤ τ , we obtain

(24) sup
|t|≤τ

lipψi(t, ·) ≤ lipBi|τ |(1 + o(1)) for τ → 0.

Since lipBi < λ, the last inequality implies that there exists τ > 0 such that

lipψi(t, ·) < 1− e−λ|t|, lipψi(t, ·) < 1/‖e−tL‖, ∀ 0 < |t| ≤ τ, i = 1, 2.

By Corollary 1.14 applied to T = etL, µ = e−λ|t|, ϕ = ψ1(t, ·), and ψ = ψ2(t, ·), for every
0 < |t| ≤ τ there exists a unique gt ∈ B(E,E) such that

(25) φ1(t, (I + gt)(ξ)) = (I + gt)(φ2(t, ξ)),

and I + gt is a homeomorphism of E onto E. If n ∈ Z \ {0} and |nt| ≤ τ , (25) implies

φ1(nt, (I + gt)(·)) = (I + gt)(φ2(nt, ·)),

so by uniqueness gt = gnt. If p, q are rational numbers in [−τ, τ ] \ {0}, they have a common
sub-multiple, so gp = gq. Therefore gp = g for every rational p ∈ [−τ, τ ] \ {0}. By the continuity
of φ1 and φ2 with respect of t,

φ1(t, (I + g)(·)) = (I + g)(φ2(t, ·))

holds for every |t| ≤ τ , hence by taking iterates, for every t ∈ R.
There remains to estimate the Hölder exponent of g. Let 0 < t ≤ τ . By Proposition 1.13 gt is

α-Hölder for every

α <
− log(e−λt + lipψ1(t, ·))

log θ(t)
,

where

θ(t) = max
{
‖etL‖+ lipψ2(t, ·),

‖e−tL‖
1− ‖e−tL‖lipψ2(t, ·)

}
.

Since gt = g, g is α-Hölder for every

α < β := lim sup
t→0+

− log(e−λt + lipψ1(t, ·))
log θ(t)

.

By (24),

(26) − log(e−λt + lipψ1(t, ·)) ≥ − log(e−λt + lipB1t+ o(t)) = (λ− lipB1)t+ o(t)

for t→ 0+. Since
‖e±tL‖ ≤ et‖L‖ = 1 + ‖L‖t+ o(t),

for t→ 0+, by (24) there holds

‖etL‖+ lipψ2(t, ·) ≤ 1 + (‖L‖+ lipB2)t+ o(t),
‖e−tL‖

1− ‖e−tL‖lipψ2(t, ·)
≤ 1 + ‖L‖t+ o(t)

1− lipB2t+ o(t)
= 1 + (‖L‖+ lipB2)t+ o(t),
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for t→ 0+. Therefore

(27) log θ(t) ≤ log(1 + (‖L‖+ lipB2)t+ o(t)) = (‖L‖+ lipB2)t+ o(t),

for t→ 0+. The inequalities (26) and (27) imply that

β = lim sup
t→0+

− log(e−λt + lipψ1(t, ·))
log θ(t)

≥ lim
t→0+

(λ− lipB1)t+ o(t)
(‖L‖+ lipB2)t+ o(t)

=
λ− lipB1

‖L‖+ lipB2
,

concluding the proof.

It is then straightforward to deduce the following local linearization result.

1.16 Corollary. Assume that 0 is a hyperbolic rest point of the C1 vector field X : U → E, and
let L = DX(0). If r > 0 is small enough, the local flow φ restricted to E(r) is conjugated to the
linear flow (t, ξ) 7→ etLξ by a bi-Hölder continuous homeomorphism. More precisely, there exists
a bi-Hölder continuous homeomorphism h : E(r) → h(E(r)) ⊂ E such that

h(φ(t, ξ)) = etLh(ξ) ∀(t, ξ) ∈ Ω(X|E(r)).

We conclude the discussion about the local dynamics at a rest point with the following propo-
sition.

1.17 Proposition. For every r > 0 small enough there holds: for every sequence (ξn) ⊂ E
converging to 0 and for every sequence (tn) ⊂ [0,+∞[ such that φ([0, tn] × {ξn}) ⊂ E(r) and
φ(tn, ξn) ∈ ∂E(r), there holds

dist
(
φ(tn, ξn),Wu

loc,r(0) ∩ ∂E(r)
)
→ 0.

Proof. If the vector field is linear, X(ξ) = Lξ, the conclusion is immediate: indeed in this case
Wu

loc,r(0) = Eu(r), and for any (ξn) ⊂ E converging to 0 and any (tn) ⊂ [0,+∞[, by (2) we have

lim sup
n→∞

dist
(
etnLξn, E

u
)

= lim sup
n→∞

‖P setnLξn‖ ≤ lim sup
n→∞

e−tnλ‖P sξn‖ = 0.

By the Grobman-Hartman theorem, if r0 > 0 is small enough the local flow φ restricted to E(r0)
is conjugated to its linearization (t, ξ) 7→ etLξ, by a bi-uniformly continuous homeomorphism. By
the local (un)stable manifold theorem, we may also assume that r0 is so small that Wu

loc,r0
(0) is

the graph of a uniformly continuous map σu : Eu(r0) → Es(r0).
Let r < r0 and set ηn := φ(tn, ξn) ∈ ∂E(r), with ξn → 0 and tn ≥ 0. By Lemma 1.10, ‖Puηn‖ =

r. By the linear case and by the uniform continuity of the conjugacy, there exists (η′n) ⊂Wu
loc,r0

(0)
such that ‖ηn − η′n‖ is infinitesimal. Setting η′′n = (Puηn, σu(Puηn)) ∈ Wu

loc,r(0) ∩ ∂E(r), by the
uniform continuity of σu we have

dist
(
ηn,W

u
loc,r(0) ∩ ∂E(r)

)
≤ ‖ηn − η′′n‖ ≤ ‖ηn − η′n‖+ ‖Puη′n − Puη′′n‖+ ‖P sη′n − P sη′′n‖

= ‖ηn − η′n‖+ ‖Puη′n − Puηn‖+ ‖σu(Puη′n)− σu(Puηn)‖ → 0,

concluding the proof.

1.7 Global stable and unstable manifolds

Let us assume that X is a C1 tangent vector field on the Banach manifold M , and that x is a
hyperbolic rest point of X. We shall identify a neighborhood of x with a neighborhood of 0 in
the Banach space Ex = TxM , identifying x with 0. We shall consider a ∇X(x)-adapted norm on
Ex, and we will use the notation introduced in the above sections: for instance, Ex(r) ⊂ M will
denote the closed r ball centered in x.
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The unstable and the stable manifolds of the rest point x are the subsets of M

Wu(x) =
{
p ∈M | t−(p) = −∞ and lim

t→−∞
φ(t, p) = x

}
,

W s(x) =
{
p ∈M | t+(p) = +∞ and lim

t→+∞
φ(t, p) = x

}
.

1.18 Theorem. Let x ∈ M be a hyperbolic rest point of the Ck vector field X, k ≥ 1, on the
Banach manifold M . Then Wu(x) and W s(x) are the images of injective Ck immersions of
manifolds which are homeomorphic to Eux and Esx, respectively.

Proof. By Theorem 1.12, if r is small enough the local unstable manifold Wu
loc,r(x) is the graph

of a Ck map σu : Eu(r) → Es(r). Since

Wu(x) =
{
φ(t, p) | p ∈Wu

loc,r(x), 0 ≤ t < t+(p)
}
,

the set Wu(x) inherits the structure of a Ck manifold from that of Wu
loc,r(x) by the maps {φ(t, ·)},

and the inclusion of Wu(x) into M is a Ck injective immersion.
If θ : Eu(r) →Wu

loc,r(x) is the Ck diffeomorphism θ(ξ) = ξ + σu(ξ), the map

A :=
{
ξ ∈ Eux | log ‖ξ‖ < t+(θ(rξ/‖ξ‖))

}
→Wu(x), ξ 7→ φ(log ‖ξ‖, θ(rξ/‖ξ‖)),

is a homeomorphism from a star-shaped open subset of Eux - thus homeomorphic to Eux itself -
onto Wu(x). The analogous results for W s(x) follow by considering the vector field −X.

1.19 Remark. If M is a Hilbert manifold, then the regularity of the norm implies that Wu(x)
and W s(x) are actually images of Ck immersions of Eux and Esx, respectively.

In general Wu(x) and W s(x) need not be embedded submanifolds: actually, they need not be
locally closed.

A Lyapunov function for X is a C1 function f : M → R such that Df(p)[X(p)] < 0 for every
p ∈ M \ rest (X). In this case, of course crit(f) ⊂ rest (X). If X is a Morse vector field, the two
sets actually coincide. Indeed, we can assume that M = E is a Banach space, so if x ∈ rest (X)
and t ∈ R we have

Df(x+ tv)[X(x+ tv)] = Df(x)[X(x+ tv)] + o(t) = tDf(x)[DX(x)v] + o(t) for t→ 0.

The principal part of the right-hand side is an odd function of t. Since the above quantity has to
be negative for every t 6= 0, such a principal part has to be identically zero. Since DX(x) is an
isomorphism, we deduce that Df(x) = 0.

1.20 Theorem. Assume that X admits a Lyapunov function f , and that for every r0 > 0 small
enough there holds

(28) sup
{
f(p) | p ∈Wu

loc,r0(x) ∩ ∂Ex(r0)
}
< inf

{
f(p) | p ∈W s

loc,r0(x) ∩ ∂Ex(r0)
}
.

Then if r > 0 is small enough:

(i) for every p ∈ M , the closed set I = {t ∈]t−(p), t+(p)[ | φ(t, p) ∈ Ex(r)} is an interval, and

its interior is
{
t ∈]t−(p), t+(p)[ | φ(t, p) ∈

◦
Ex (r)

}
;

(ii) if I is upper bounded, then φ(max I, p) ∈ ∂Eux (r) ∩ Es(r); conversely, if φ(t, p) ∈ ∂Eux (r) ∩
Es(r), then t = max I;

(iii) if I is lower bounded, then φ(min I, p) ∈ Eux (r) ∩ ∂Es(r); conversely, if φ(t, p) ∈ Eux (r) ∩
∂Es(r), then t = min I;
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(iv) Wu(x) ∩ Ex(r) = Wu
loc,r(x), and W s(x) ∩ Ex(r) = W s

loc,r(x);

(v) Wu(x) and W s(x) are submanifolds of M .

Proof. Let r0 be so small that (28) and the conclusions of Lemma 1.10, Theorem 1.12, and Propo-
sition 1.17 hold. Since f is of class C1, up to choosing a smaller r0 we may also assume that f is
uniformly continuous on Ex(r0).

We shall prove the first assertion in (i) arguing by contradiction. In fact, assume that there exist
an infinitesimal sequence of positive numbers (ρn), ρn < r0, a sequence of points (ξn) ∈ ∂Ex(ρn),
and a sequence of positive numbers (tn) such that φ(tn, ξn) ∈ ∂Ex(ρn) and φ(]0, tn[×{ξn}) ∩
Ex(ρn) = ∅. Lemma 1.10 (iv) implies that (at least for n large) ξn ∈ ∂Eux (ρn) × Esx(ρn) ⊂
Cu ∩ Ex(r0). By Lemma 1.10 (i), Cu ∩ Ex(r0) is positively invariant with respect to Ex(r0), and
by (iii) if t > 0 and φ([0, t]× {ξn}) ⊂ Cu ∩ Ex(r0) then φ(t, ξn) /∈ Ex(ρn). Therefore, there exists
an ∈]0, tn[ such that φ([0, an] × {ξn}) ⊂ Ex(r0) and φ(an, ξn) ∈ ∂Ex(r0). Similarly, there exists
bn ∈ [an, tn[ such that φ(bn, ξn) ∈ ∂Ex(r0) and φ([b,tn]× {ξn}) ⊂ Ex(r0).

Since ξn → 0 and φ(tn, ξn) → 0, Proposition 1.17 implies that

dist (φ(an, ξn),Wu
loc,r0(x) ∩ ∂Ex(r0)) → 0, dist (φ(bn, ξn),W s

loc,r0(x) ∩ ∂Ex(r0)) → 0.

Therefore, by (28), taking into account the fact that f is uniformly continuous on Ex(r0),

lim sup
n→∞

f(φ(an, ξn)) ≤ sup
Wu

loc,r0
(x)∩∂Ex(r0)

f < inf
W s

loc,r0
(x)∩∂Ex(r0)

f ≤ lim inf
n→∞

f(φ(bn, ξn)),

a contradiction because an ≤ bn implies f(φ(an, ξn)) ≥ f(φ(bn, ξn)).
The second statement in (i), and statements (ii), (iii) are immediate consequences of Lemma

1.10. The inclusions

Wu
loc,r(x) ⊂Wu(x) ∩ Ex(r), W s

loc,r(x) ⊂W s(x) ∩ Ex(r),

are obvious. The opposite inclusions follow from statement (i). Then Wu(x) and W s(x) are
submanifold of M , because

Wu(x) =
{
φ(t, p) | p ∈Wu(x) ∩ E(r), 0 ≤ t < t+(p)

}
,

W s(x) =
{
φ(t, p) | p ∈W s(x) ∩ E(r), t−(p) < t ≤ 0

}
,

and because φ(t, ·) is a diffeomorphism.

1.21 Remark. The weak inequality always holds in (28). The strict inequality holds if either:

(i) x has finite Morse index;

(ii) M is a Hilbert manifold, f is twice differentiable at x and the second differential of f at x
satisfies D2f(x)[ξ, ξ] ≤ −λ‖ξ‖2 for every ξ ∈ Eux , for some positive constant λ.

Indeed, in the first case Wu
loc,r0

(x) is a compact set, so

sup
Wu

loc,r0
(x)∩∂Ex(r0)

f = max
Wu

loc,r0
(x)∩∂Ex(r0)

f < f(x) ≤ inf
W s

loc,r0
(x)∩∂Ex(r0)

f.

In the second case, a second order expansion of f at x yields to the same conclusion.

2 The Morse complex in the case of finite Morse indices

2.1 The Palais-Smale condition

Assume that f is a Lyapunov function for the vector field X on the Banach manifold M . A
Palais-Smale sequence at level c is a sequence (pn) ⊂ M such that (f(pn)) converges to c and
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(Df(pn)[X(pn)]) is infinitesimal. We shall say that (X, f) satisfies the Palais-Smale condition at
level c if every Palais-Smale sequence at level c is compact.

If (X, f) satisfies the (PS) condition at every c ∈ [a, b], then rest (X) ∩ f−1([a, b]) is compact,
so if X is also Morse this set is finite.

2.1 Remark. Assume that Jn = φ([0, tn] × {pn}), tn > 0, is contained in a strip {a ≤ f ≤ b},
and that

(29) lim
n→∞

f(pn)− f(φ(tn, pn))
tn

= 0.

Then there is a (PS) sequence qn ∈ Jn. Indeed, by the mean value theorem there is sn ∈]0, tn[
such that

Df(φ(sn, pn))[X(φ(sn, pn))] =
f(pn)− f(φ(tn, pn))

tn
,

and by (29), qn = φ(sn, pn) is a (PS) sequence.

Actually, the above observation could be used to give a weaker formulation of the (PS) con-
dition, which does not require f to be differentiable, and could be used to study flows in the
continuous category.

2.2 The Morse-Smale condition

We recall that two closed linear subspaces V1, V2 of a Banach space E are said transverse if
V1 + V2 = E and V1 ∩ V2 is complemented in E. Two C1 submanifolds M1 and M2 of the Banach
manifold M are said transverse if for every p ∈ M1 ∩M2 the closed linear subspaces TpM1 and
TpM2 are transverse in TpM .

Let X be a Morse vector field having only rest points with finite Morse index and admitting
a Lyapunov function. We will say that X satisfies the Morse-Smale condition up to order k ∈ N
if for every pair of rest points x, y satisfying m(x) − m(y) ≤ k, the submanifolds Wu(x) and
W s(y) are transverse. In this case, the implicit function theorem implies that Wu(x)∩W s(y) - if
non-empty - is a submanifold of dimension m(x)−m(y).

Notice that the presence of a Lyapunov function implies that Wu(x) ∩ W s(x) = {x}, and
such an intersection is always transverse. Notice also that the fact that φ(t, ·) is a diffeomorphism
implies that if Wu(x)∩W s(y) meet transversally at some p ∈M , they meet transversally at every
point of the orbit of p.

2.3 The assumptions

Let M be an open subset of the Banach manifold M̂ , and let X̂ be a C1 vector field on M̂ (possibly,
M = M̂). Denote by A the open subset M̂ \M , and denote by X the restriction of X̂ to M .

We shall construct the Morse complex for X on M under the following assumptions:

(A1) A is positively invariant with respect to the flow of X̂, and X̂ is positively complete with
respect to A;

(A2) X is a Morse vector field on M ;

(A3) every rest point of X has finite Morse index;

(A4) X admits a Lyapunov function f ∈ C1(M) ∩ C0(M);

(A5) f is bounded below on M ;

(A6) (X, f) satisfies the (PS) condition at every level c ∈ f(M);

(A7) X satisfies the Morse-Smale condition up to order 0.
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The local flow of X̂ will be denoted by φ. By (A1), the local flow of X is just the restriction
of φ to

Ω(X) =
{

(t, p) ∈ Ω(X̂) | p ∈M, φ(t, p) ∈M
}
.

In most applications f is actually defined on the whole M̂ and A is a sublevel of f .
Notice that (A6) and the fact that f ∈ C0(M) imply that there are no rest points on the

boundary of M : such a rest point would be the limit of a (PS) sequence in M , which does not
converge in M .

Notice also that (A7) means asking that Wu(x) does not meet W s(y) whenever x 6= y are rest
points with m(x) ≤ m(y).

2.4 Forward compactness

The (PS) condition plays a crucial role in the following compactness result.

2.2 Proposition. Assume (A1)-(A7). Then

(i) for every p ∈ M , φ(t, p) either converges to a rest point of X for t → +∞ or eventually
enters A;

(ii) if (pn) ⊂ M converges to p ∈ M̂ , (tn) ⊂ [0,+∞[, and (φ(tn, pn)) ⊂ M , then the sequence
(φ(tn, pn)) is compact in M̂ .

Proof. (i) Let p ∈M . Assume that φ(t, p) never enters A: by (A1) this implies that t+(p) = +∞.
By Remark 2.1, with pn = p, tn → +∞, a = inf f , b = f(p), and by (PS) we can find a sequence
sn → +∞ such that φ(sn, p) converges to a rest point x ∈ M . The function t 7→ f(φ(t, p))
converges for t→ +∞, being monotone, therefore

lim
t→+∞

f(φ(t, p)) = lim
n→∞

f(φ(sn, p)) = f(x).

Assume by contradiction that φ(t, p) does not converge to x for t→ +∞. Then we can find r > 0
(as small as we like), two sequences an ≤ bn ≤ an+1, an → +∞, such that φ(an, p) ∈ ∂Ex(r),
φ(bn, p) ∈ ∂Ex(2r), φ([an, bn] × {p}) ⊂ Ex(2r) \ Ex(r). Choosing r so small that X is bounded
on Ex(2r) ⊂M , one has that bn − an is bounded away from 0. Since

lim
n→∞

f(φ(an, p)) = lim
n→∞

f(φ(bn, p)) = lim
t→+∞

f(φ(t, p)) = f(x),

we have

lim
n→∞

f(φ(bn, p))− f(φ(an, p))
bn − an

= 0,

so by Remark 2.1 there is a (PS) sequence in Ex(2r) \ Ex(r), converging by (PS) to a rest point.
Since r is arbitrarily small, x is not isolated in rest (X), contradicting (A2).

(ii) If (tn) is bounded, then

(30) lim sup
n→∞

tn < t+(p).

Indeed, if by contradiction t+(p) ≤ lim supn→∞ tn, t+(p) is finite, so by (A1) there exists s ∈
[0, t+(p)[ such that φ(s, p) ∈ A. Then φ(s, pn) eventually belongs to A, so s > tn for n large, and
lim supn→∞ tn ≤ s < t+(p), a contradiction.

When (tn) is bounded, the continuity of φ and (30) imply that (φ(tn, pn)) is compact in M̂ , so
we may assume that tn → +∞.

By Remark 2.1 and (PS) there exists a sequence an ∈ [0, tn] such that, up to a subsequence,
φ(an, pn) converges to a rest point x ∈M , with inf f ≤ f(x) ≤ f(p). Since there are finitely many
rest points in this strip, we may assume that f(x) is minimal, that is for no sequence a′n ∈ [0, tn],
φ(a′n, pn) has a subsequence converging to a rest point y ∈M with f(y) < f(x).
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If φ(tn, pn) converges to x then there is nothing to prove, otherwise up to a subsequence
we can find r > 0 (as small as we like) and bn ∈ [an, tn] such that φ(bn, pn) ∈ ∂Ex(r) and
φ([an, bn] × {pn}) ⊂ Ex(r). By Proposition 1.17, the sequence (φ(bn, pn)) is compact, since its
distance from the compact set Wu

loc,r(x) ∩ ∂Ex(r) tends to 0 (here we are using the fact that x
has finite Morse index). So a subsequence of (φ(bn, pn)) converges to a point q with

f(q) ≤ max
Wu

loc,r(x)∩∂Ex(r)
f < f(x).

The sequence tn−bn is bounded: otherwise by Remark 2.1 and (PS) there would exist cn ∈ [bn, tn]
such that a subsequence of (φ(cn, pn)) converges to a rest point y with f(y) ≤ f(q) < f(x),
contradicting the minimality of f(x). Therefore φ(tn, pn) = φ(tn − bn, φ(bn, pn)) is compact in
M̂ .

The above result has the following immediate consequence.

2.3 Corollary. For every x ∈ rest (X), Wu(x) ∩M has compact closure in M̂ .

Another consequence is the following convergence result for forward orbits: if (pn) ⊂ M
converges to p ∈ M , up to a subsequence the forward orbit of pn converges to a “broken orbit”
consisting of h+ 1 flow lines, h ≥ 0, matching at h rest points xh, . . . , x1. The first of these flow
lines is the forward orbit of p, the last one either converges to a rest point x0, which is also the
common limit of φ(t, pn) for t → +∞, or eventually enters A, together with all the orbits of pn.
More precisely, the situation is described by the following corollary.

2.4 Corollary. Assume that (pn) ⊂ M converges to some p ∈ M . Then there exists a subse-
quence (pkn

) such that one of the following two alternatives holds:

(a) t+(pkn
) = +∞, and there exists x0 ∈ rest (X) such that φ(t, pkn

) converges to x0 for t →
+∞, for every n ∈ N;

(b) for every n ∈ N, φ(t, pkn
) eventually enters A.

Moreover, there exist h ∈ N, a set {xj}1≤j≤h ⊂ rest (X), with f(x1) < · · · < f(xh), sequences of
real numbers tn0 > tn1 > · · · > tnh = 0, and points q0, q1, . . . , qh = p in M such that:

(i) qj ∈W s(xj) ∩Wu(xj+1) for every 1 ≤ j ≤ h− 1;

(ii) qh = p ∈W s(xh), unless case (b) holds and h = 0, in which case φ(t, qh) = φ(t, p) eventually
enters A;

(iii) q0 ∈Wu(x1) if h ≥ 1; in case (a) q0 ∈W s(x0), in case (b) φ(t, q0) eventually enters A;

(iv) limn→∞ φ(tjn, pkn
) = qj for every 0 ≤ j ≤ h.

The proof is an easy application of Proposition 2.2, together with an induction argument.
Details are left to the reader.

2.5 Consequences of compactness and transversality

Given a subset B ⊂ M̂ , we will denote by φ([0,+∞[×B) its forward evolution, although this set
should more properly be indicated by

φ(([0,+∞[×B) ∩ Ω(X̂)).

The Morse-Smale condition up to order zero, assumption (A7), has the following consequence.

2.5 Lemma. Assume (A1)-(A7). Let x, y be distinct rest points of X, with m(x) ≤ m(y). Then
there exists r > 0 such that

φ([0,+∞[×Ex(r)) ∩ Ey(r) = ∅.
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Proof. Assume the contrary: there exist a sequence (pn) ⊂ M converging to x and a sequence
(tn) ⊂ [0,+∞[ such that (φ(tn, pn)) converges to y. By Corollary 2.4, a subsequence of the
sequence of forward orbits of pn converges to a “broken orbit” passing through x and y. In
particular, there are pairwise distinct rest points z1 = x, z2, . . . , zk = y, k ≥ 2, such that Wu(zi)∩
W s(zi+1) 6= ∅ for every 1 ≤ i ≤ k − 1. The Morse-Smale condition up to order zero implies that
m(x) = m(z1) > · · · > m(zk) = m(y), a contradiction.

In particular, the closure of the unstable manifold of a rest point x of index k does not contain
rest points of index greater than or equal to k, other than x itself. Let us state a stronger
assumption, which will be later removed:

(A8) every rest point y does not belong to the closure of the union of the unstable manifolds of
rest points x 6= y with m(x) ≤ m(y):

y /∈
⋃

x∈rest (X)\{y}
m(x)≤m(y)

Wu(x).

Since the closure of a finite union is the union of the closures, by Lemma 2.5 condition (A8) is
implied by the Morse-Smale condition up to order zero (A7) when X has finitely many rest points
of index k, for every k ∈ N. In general it is strictly more restrictive.

Assumption (A8) implies the following result.

2.6 Proposition. Assume (A1)-(A8). Then there exists a positive function ρ : rest (X) →]0,+∞[
such that

φ([0,+∞[×Ex(ρ(x))) ∩ Ey(ρ(y)) = ∅

for all pairs of rest points x 6= y with m(x) ≤ m(y).

Proof. By (A8) there exists a function σ : rest (X) →]0,+∞[ such that

(31) Ey(σ(y)) ∩
⋃

x∈rest (X)\{y}
m(x)≤m(y)

Wu(x) = ∅ ∀y ∈ rest (X).

Let us prove that for every x ∈ rest (X) there is a positive number θ(x) such that

(32) φ([0,+∞[×Ex(θ(x))) ∩ Ey(σ(y)) = ∅ ∀y ∈ rest (X) \ {x}, m(y) ≥ m(x).

Then the function ρ(x) : rest (X) →]0,+∞[, x 7→ min{σ(x), θ(x)}, will satisfy the requirements.
We argue by contradiction, assuming that there exists x ∈ rest (X) for which (32) does not hold,

no matter how small θ(x) is. Since there are finitely many rest points in {p ∈M | f(p) ≤ f(x)},
we can find a sequence (pn) ⊂ M converging to x and a sequence (tn) ⊂ [0,+∞[ such that
φ(tn, pn) ∈ Ey(σ(y)), for some y ∈ rest (X) \ {x} with m(y) ≥ m(x). By Corollary 2.4, a
subsequence of the sequence of the forward orbits of pn converges to a “broken orbit” starting
from x and passing through Ey(σ(y)). In particular, there are rest points z1 = x, . . . , zk 6= y,
k ≥ 1, such that Wu(zi) ∩W s(zi+1) 6= ∅ for 1 ≤ i ≤ k − 1, and

(33) Wu(zk) ∩ Ey(σ(y)) 6= ∅.

By the Morse-Smale condition up to order 0, m(zk) ≤ m(x) ≤ m(y), and since zk 6= y, (33)
contradicts (31).
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2.6 Cellular filtrations

Cellular filtrations are a useful tool to compute the singular homology of a topological space. See
[Dol80], section V.1, for a more extensive discussion and for the proof of the results stated in this
section.

Let T be a topological space. A sequence F = {Fn}n∈Z of subsets of T is said a cellular
filtration of T if:

(i) Fn ⊂ Fn+1 for every n ∈ Z;

(ii) every singular simplex in T is a simplex in Fn for some n;

(iii) the k-th singular homology group Hk(Fn, Fn−1) vanishes for every k 6= n.

Notice that (ii) is fulfilled when T is the union of the family {Fn} and each Fn is open. The
space F−1 may be empty. The spaces Fn for n ≤ −2 will be actually irrelevant in the construction.
Singular homology is always meant to have integer coefficients.

If F = {Fn}n∈Z is a cellular filtration of T , we denote by WkF the Abelian group

WkF := Hk(Fk, Fk−1).

The homomorphism ∂k : WkF →Wk−1F is given by the composition

Hk(Fk, Fk−1) → Hk−1(Fk−1) → Hk−1(Fk−1, Fk−2),

where the first map is the boundary homomorphism of the pair (Fk, Fk−1), and the second map
is induced by the inclusion. It is readily seen that ∂k∂k+1 = 0, so W∗F is a chain complex of
Abelian groups, said the cellular complex of the filtration F .

A cellular map g : (T,F) → (T ′,F ′) is a continuous map from T to T ′ mapping each Fn into
F ′n. Such a map induces homomorphisms

Wkg : WkF →WkF ′, Wkg = g∗ : Hk(Fk, Fk−1) → Hk(F ′k, F
′
k−1),

which are readily seen to form a chain map W∗g : W∗F → W∗F ′. This makes W a functor from
the category of cellular filtrations and cellular maps to the category of chain complexes of Abelian
groups and chain maps.

2.7 Theorem. If F = {Fn}n∈Z is a cellular filtration of the topological space T , then there is an
isomorphism

Hk({W∗F , ∂∗}) ∼= Hk(T, F−1).

Such isomorphisms form a natural transformation between the functor HW and the singular ho-
mology functor H, in the sense that if g : (T,F) → (T ′,F ′) is a cellular map, then the diagram

Hk({W∗F , ∂∗})
∼=−−−−→ Hk(T, F−1)

HkWkg

y yg∗
Hk({W∗F ′, ∂∗})

∼=−−−−→ Hk(T ′, F ′−1)

commutes.

A cellular homotopy h between two cellular maps g0, g1 : (T,F) → (T ′,F ′) is cellular map
h : ([0, 1]×T, F̂) → (T ′,F ′), F̂ being the cellular filtration {[0, 1]×Fn}n∈Z, such that h(0, ·) = g0
and h(1, ·) = g1. If there is a cellular homotopy between g and g′, the homotopy invariance of
singular homology implies that W∗g = W∗g

′.
A cellular map g : (T,F) → (T ′,F ′) is said a cellular homotopy equivalence if there are a

cellular map g′ : (T ′,F ′) → (T,F), said a cellular homotopy inverse of g, and cellular homotopies
h between g′ ◦ g and id(T,F) and h′ between g ◦ g′ and id(T ′,F ′). By functoriality and homotopy
invariance, if g is a cellular homotopy equivalence then W∗g is an isomorphism.
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2.7 The Morse complex

Denote by restk(X) the set of rest points of X of Morse index k, and let Ck(X) be the free Abelian
group generated by the elements of restk(X).

Let ρ : rest (X) →]0,+∞[ be a function satisfying

(34) φ([0,+∞[×Ex(ρ(x))) ∩ Ey(ρ(y)) = ∅, ∀x 6= y ∈ rest (X), m(x) ≤ m(y),

whose existence is established by Proposition 2.6. Consider the subsets of M̂

Mk = Mk(ρ) := A ∪
⋃

x∈rest (X)
m(x)≤k

φ([0,+∞[×
◦
Ex (ρ(x))) ∀k ≥ 0, Mk = A ∀k < 0,

and M∞ = M∞(ρ) :=
⋃
k∈ZMk. Each Mk is open and positively invariant.

We shall denote by Dk the closed unit ball of Rk, and by ωk the generator of Hk(Dk, ∂Dk)
corresponding to the standard orientation of Rk. Here is the main result of this second part.

2.8 Theorem. Assume (A1)-(A8). Let ρ : rest (X) →]0,+∞[ be a function satisfying (34), and
let Mk be the sets defined above. Then:

(i) The inclusion (M∞, A) ↪→ (M̂,A) is a homotopy equivalence.

(ii) M = M(ρ) := {Mk}k∈Z is a cellular filtration of M∞, with

WkM = Hk(Mk,Mk−1) ∼= Ck(X), ∀k ∈ N.

More precisely, the choice of an orientation of each unstable manifold Wu(x) determines an
isomorphism

Θk(ρ) : Ck(X) ∼= WkM(ρ), x 7→ θx∗ (ωk), ∀x ∈ restk(X),

where θx : (Dk, ∂Dk) → (Mk,Mk−1) is any map of the form θx(ξ) = φ(t(ξ), w(ξ)), with w
an orientation preserving embedding of Dk onto an open neighborhood of x in Wu(x), and
0 ≤ t < t+ so large that φ(t(ξ), w(ξ)) ∈Mk−1 for every ξ ∈ ∂Dk.

(iii) If ρ′ ≤ ρ, then the inclusion j = jρ′ρ : M∞(ρ′) ↪→M∞(ρ) is a cellular homotopy equivalence
with respect to the cellular filtrations {Mk(ρ′)}k∈Z and {Mk(ρ)}k∈Z. Moreover, the diagram

(35) WkM(ρ′)

Wkj

��
Ck(X)

Θk(ρ′)
99ssssssssss

Θk(ρ)
// WkM(ρ)

commutes.

By (iii), the isomorphism class of the cellular chain complex WkM(ρ) does not depend on the
choice of the function ρ satisfying (34). In order to fix a standard representative, we can define

W∗(X) := lim
ρ↓0

W∗M(ρ),

the limit of the direct system of chain complexes {W∗M(ρ),W∗jρ′ρ}. The chain complex W∗(X)
is said the Morse complex of X. By Theorem 2.7, the homology of such a chain complex is
isomorphic to the singular homology of (M∞, A), which by statement (i) of the theorem above is
isomorphic to the singular homology of (M̂,A):

HkW∗(X) ∼= Hk(M̂,A) ∀k ∈ N.
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In particular when A is the empty set (so that X is a positively complete Morse vector field on
M admitting a Lyapunov function which is bounded below), the homology of the Morse complex
is isomorphic to the singular homology of M .

By (ii) and by the commutativity of diagram (35), a choice of an orientation of each unstable
manifold allows to identify the groups Ck(X) and Wk(X), by the isomorphism

Θk = lim
ρ↓0

Θk(ρ) : Ck(X) ∼= Wk(X).

2.9 Exercise. Deduce the so called strong Morse relations: there exists a formal series Q with
coefficients in N ∪ {+∞} such that

(36)
∞∑
k=0

|restk(X)| tk =
∞∑
k=0

βk(M̂,A)tk + (1 + t)Q(t),

where βk(M̂,A) = rankHk(M̂,A) ∈ N ∪ {+∞} is the k-th Betti number of (M̂,A).

Before proving Theorem 2.8, we recall the semi-continuity properties of the entrance time
function into a subset C ⊂ M̂ :

tC(p) := inf
{
t ∈ [0, t+(p)[ | φ(t, p) ∈ C

}
∈ [0,+∞].

2.10 Lemma. If C is open, tC is upper semi-continuous. If C is closed, tC is lower semi-
continuous.

Proof. Assume that C is open. It tC(p) < t, there exists s ∈ [tC(p), t[ such that φ(s, p) ∈ C. By
continuity, φ(s, q) ∈ C for every q in a neighborhood of p, so tC(q) ≤ s < t in such a neighborhood.

Assume that C is closed. If tC(p) > t, choosing t′ ∈]t, tC(p)[ we have that φ(s, p) belongs to
the open set M̂ \C for every s ∈ [0, t′]. By continuity and compactness, φ(s, q) ∈ M̂ \C for every
s ∈ [0, t′] and every q in a neighborhood of p. Therefore, tC(q) ≥ t′ > t in such a neighborhood.

Proof [of Theorem 2.8]. (i) By Proposition 2.2 (i), the orbit of every p ∈ M̂ either converges
to some rest point x ∈ M for t → +∞, or eventually enters A. Since M∞ is a neighborhood of
rest (X) and contains A, for every p ∈ M̂ the entrance time of φ(·, p) in M∞,

tM∞(p) := inf
{
t ∈ [0, t+(p)[ | φ(t, p) ∈M∞

}
is finite, and less than t+(p). Since M∞ is open, by Lemma 2.10 the function tM∞ is upper
semi-continuous.

On the other hand, the function t+ is lower semi-continuous. A simple argument with partitions
of unity (also known as Dowker theorem, see [Dug78] VIII.4.3) shows that on a paracompact
topological space we can always find a continuous function between an upper semi-continuous
function and a lower semi-continuous one. So we can find a continuous function s : M̂ → R such
that tM∞ < s < t+. Then the continuous map

r : (M̂,A) → (M∞, A), r(p) = φ(s(p), p),

is a homotopical inverse of the inclusion i : (M∞, A) ↪→ (M̂,A), the homotopies id
(M̂,A)

∼ i ◦ r
and id(M∞,A) ∼ r ◦ i being the map

([0, 1]× M̂, [0, 1]×A) → (M̂,A), (λ, p) 7→ φ(λs(p), p),

and its restriction to ([0, 1]×M∞, [0, 1]×A) into (M∞, A).

(ii) Let us prove that M is a cellular filtration. Since M is an open covering of M∞, we just
need to compute the singular homology of (Mk,Mk−1). Since Mk is the union of the open sets
Mk−1 and

Uk :=
⋃

x∈restk(X)

φ([0,+∞[×
◦
Ex (ρ(x))),
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by excision the singular homology of (Mk,Mk−1) is isomorphic to the singular homology of

(Uk, Uk ∩ Mk−1). Condition (34) implies that the open sets U(x) := φ([0,+∞[×
◦
Ex (ρ(x))),

x ∈ restk(X), are pairwise disjoint, so

H∗(Mk,Mk−1) ∼= H∗(Uk, Uk ∩Mk−1) ∼=
⊕

x∈restk(X)

H∗(U(x), U(x) ∩Mk−1).

We shall prove that (U(x), U(x) ∩ Mk−1) is homotopically equivalent to a k-dimensional disc
modulo its boundary, so that

Hj(U(x), U(x) ∩Mk−1) =
{

0 if j 6= k,
Z if j = k,

proving that M is a cellular filtration.

Set for simplicity ρ = ρ(x). By Lemma 1.10 (iii), Eux (ρ)×
◦
Esx (ρ) ⊂ U(x). Let p ∈ U(x) \

Eux (ρ)×
◦
Esx (ρ). By Proposition 2.2 (ii), the orbit of p either eventually enters A, or converges

to a rest point y for t → +∞. In the latter case, y 6= x because of Theorem 1.20 (i), so by (34)
m(y) ≤ k − 1. In both cases, the orbit of p eventually enters Mk−1. The upper semi-continuous
function

ã : U(x) → R, p 7→

 0 if p ∈
◦
Ex (ρ),

tMk−1(p) if p ∈ U(x)\
◦
Ex (ρ),

is strictly less than the lower semi-continuous function t+, so we can find a continuous function
a : U(x) → [0,+∞[ such that ã < a < t+, so that

(37) φ(a(p), p) ∈Mk−1 ∀p ∈ U(x)\
◦
Ex (ρ).

Then we can define the continuous map

α : (Eux (ρ)×
◦
Esx (ρ), ∂Eux (ρ)×

◦
Esx (ρ)) → (U(x), U(x) ∩Mk−1), p 7→ φ(a(p), p).

By Theorem 1.20 (i), for every p ∈ U(x) there holds

b(p) := sup
{
t ∈]t−(p), 0] | φ(t, p) ∈

◦
Ex (ρ)

}
= max

{
t ∈]t−(p), 0] | φ(t, p) ∈ Ex(ρ)

}
,

so by Lemma 2.10 the function b : U(x) →]−∞, 0] is both lower and upper semi-continuous, hence

continuous. The map p 7→ φ(b(p), p) is the identity on Eux (ρ)×
◦
Esx (ρ), and maps all the other

points of U(x) into ∂Eux (ρ)×
◦
Esx (ρ). Since by (34) Ex(ρ) ∩Mk−1 = ∅, the continuous map

β : (U(x), U(x) ∩Mk−1) → (Eux (ρ)×
◦
Esx (ρ), ∂Eux (ρ)×

◦
Esx (ρ)), p 7→ φ(b(p), p),

is well defined.
It is easy to check that α and β are homotopy inverses. Indeed,

(λ, p) 7→ β(φ(λa(p), p))

is a homotopy between β ◦ α and the identity map on (Eux (ρ)×
◦
Esx (ρ), ∂Eux (ρ)×

◦
Esx (ρ)). On the

other hand, by (37),
(λ, p) 7→ φ(a(φ(λb(p), p)), φ(λb(p), p))

is a homotopy between α ◦ β and the map

(U(x), U(x) ∩Mk−1) → (U(x), U(x) ∩Mk−1), p 7→ φ(a(p), p),
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which is clearly homotopy equivalent to the identity on (U(x), U(x) ∩Mk−1).

We conclude that (U(x), U(x)∩Mk−1) is homotopy equivalent to (Eux (ρ)×
◦
Esx (ρ), ∂Eux (ρ)×

◦
Esx

(ρ)), which is homotopy equivalent to (Eux (ρ), ∂Eux (ρ)), a k-dimensional disc modulo its boundary.
The latter pair is homeomorphic to (Wu

loc,ρ(x), ∂W
u
loc,ρ(x)), and the statement about the form of

the isomorphism Θk easily follows.

(iii) SinceMk(ρ′) ⊂Mk(ρ) for every k, j is a cellular map; we will construct a cellular homotopy
inverse of j of the form

(38) γ(p) = φ(c(p), p),

with c a suitable positive continuous function.
Given p ∈M∞(ρ), set

κ(p) := min
{
k ∈ N | p ∈Mk(ρ)

}
,

and
c̃(p) := tMκ(p)(ρ′)(p),

the entrance time of p into the open set Mκ(p)(ρ′). By (34), every point in Mk(ρ) either eventually
enters A or converges to a rest point x with m(x) ≤ k; in both cases, p eventually enters Mk(ρ′).
Therefore, c̃ < t+.

Since {Mh(ρ′)}h∈Z is a filtration, tMh(ρ′) is non-increasing in h, so

c̃(p) = min
{
tMh(ρ′)(p) | 0 ≤ h ≤ κ(p)

}
= min

{
tMh(ρ′)(p)χh(p) | h ∈ N

}
,

where χh(p) = 1 if h ≤ κ(p), i.e. p /∈Mh−1(ρ), and χh(p) = +∞ otherwise; hence the positive func-
tion χh is upper semi-continuous. Since also tMh(ρ′) is upper semi-continuous and non-negative,
so is the function c̃.

Let c : M∞(ρ) → R be a continuous function such that c̃ < c < t+, and let γ : M∞(ρ) →
M∞(ρ′) be the map defined in (38). By construction, γ maps Mk(ρ) into Mk(ρ′), so it is a cellular
map. The cellular homotopies idM∞(ρ) ∼ j ◦ γ and idM∞(ρ′) ∼ γ ◦ j are given by the cellular map
(λ, p) 7→ φ(λc(p), p) on the respective domains.

If θx(ρ) : (Dk, ∂Dk) → (Mk(ρ),Mk−1(ρ)) and θx(ρ′) : (Dk, ∂Dk) → (Mk(ρ′),Mk−1(ρ′)) are
the continuous maps appearing in (ii), then j ◦ θx(ρ′) is homotopic to θx(ρ), so the diagram (35)
commutes.

2.8 Representation of ∂∗ in terms of intersection numbers

Let us strengthen the Morse-Smale assumption (A7) by requiring:

(A7’) X satisfies the Morse-Smale condition up to order 1.

In this case, the boundary operator ∂k of the Morse complex of X can be expressed in terms of
intersection numbers of unstable and stable manifolds of rest points of index difference 1.

First of all notice that if m(x)−m(y) = 1, the assumption (A7’) implies that Wu(x) ∩W s(y)
is a flow-invariant 1-dimensional manifold, that is a discrete set of flow lines. We claim that
Wu(x)∩W s(y) is compact: otherwise Corollary 2.4 would imply the existence of a “broken orbit”
from z0 = x to zh = y, with intermediate rest points z1, . . . , zh−1, for some h ≥ 2. By the
Morse-Smale condition (up to order 0) m(z0) > m(z1) > · · · > m(zh), a contradiction because
m(z0)−m(zh) = 1. Therefore Wu(x) ∩W s(y) consists of finitely many flow lines.

Let us fix an orientation of each unstable manifold Wu(x). As we have seen in section 2.7,
this choice determines a preferred isomorphism Θk : Ck(X) ∼= Wk(X). Moreover, it determines an
orientation of each transverse intersection Wu(x)∩W s(y). Indeed, the orientation of each unstable
manifold determines a co-orientation of each stable manifold (that is an orientation of its normal
bundle), and the transverse intersection of a finite dimensional oriented submanifold with a finite
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codimensional co-oriented submanifold carries a canonical orientation: if p ∈Wu(x)∩W s(y) and
V ⊂ TpW

u(x) is a linear complement of Tp(Wu(x) ∩W s(y)) in TpW
u(x), by transversality V is

also a complement of TpW s(x) in TpM , so it is oriented, and the orientation of Wu(x)∩W s(y) is
the one for which

TpW
u(x) = Tp(Wu(x) ∩W s(y))⊕ V

is an oriented sum.
In particular, if m(x)−m(y) = 1 each connected component W of Wu(x)∩W s(y) is an oriented

line, and we can define ε(W ) to be +1 if φ is orientation preserving on W , −1 otherwise. Then
we can define the integer

n(x, y) =
∑

W connected component
of Wu(x)∩W s(y)

ε(W ), ∀x, y ∈ rest (X), m(x)−m(y) = 1.

Assume that conditions (A1)-(A6), (A7’), and (A8) hold. Then we have the following fact.

2.11 Theorem. In terms of the preferred isomorphism Θk : Ck(X) ∼= Wk(X), the boundary
operator of the Morse complex of X has the form

(39) ∂kx =
∑

y∈restk−1(X)

n(x, y) y, ∀x ∈ restk(X) ⊂ Ck(X).

Before proving this result, we recall that if σn denotes the generator of Hn(Sn) corresponding
to the standard orientation of ∂Dn+1 = Sn, that is the one for which Rn+1 = Rζ ⊕ TζS

n is an
oriented sum, for every ζ in Sn, we have that the boundary homomorphismHn+1(Dn+1, ∂Dn+1) →
Hn(∂Dn+1) maps ωn+1 into σn.

2.12 Exercise. Let A1, . . . , Ah be pairwise disjoint closed n-discs in Sn, with maps

ai : (Dn, ∂Dn) →

(
Sn, Sn \

h⋃
i=1

◦
Ai

)
,

mapping Dn homeomorphically onto Ai, preserving the standard orientations. Let j : Sn →
(Sn, Sn \

⋃h
i=1

◦
Ai) be the inclusion. Then

j∗(σn) =
h∑
i=1

ai∗(ωn).

Proof [of Theorem 2.11]. Notice first of all that by (A2) and (A6), for every x ∈ rest (X) there
are finitely many rest points y ∈ rest (X) with f(y) < f(x), so the sum appearing in (39) is finite.

Let ρ : rest (X) →]0,+∞[ be a function satisfying (34), and let Mk = Mk(ρ), for k ∈ N∪{∞}.
Let us fix a rest point x of Morse index k.

By the naturality of the boundary homomorphism of pairs in singular homology, we have the
commutative diagram

Hk(Dk, ∂Dk)
θx
∗−−−−→ Hk(Mk,Mk−1)y y

Hk−1(∂Dk) α∗−−−−→ Hk−1(Mk−1)

where α : ∂Dk → Mk−1 is the restriction of θx. The cellular boundary homomorphism ∂k of the
cellular filtration {Mk}k∈Z is the composition of the right vertical arrow with the homomorphism
induced by the inclusion i : Mk−1 ↪→ (Mk−1,Mk−2). On the other hand, the left vertical arrow is
an isomorphism mapping ωk into σk−1. Therefore, ∂k maps the generator θx∗ (ωk) of Hk(Mk,Mk−1)
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into i∗α∗(σk−1) ∈ Hk−1(Mk−1,Mk−2), and we must express the latter element in terms of the
generators θy∗(ωk−1) of Hk−1(Mk−1,Mk−2), for y ∈ restk−1(X).

By the Morse-Smale condition up to order 1,

α−1

 ⋃
y∈restk−1(X)

W s(y)

 = {ζ1, . . . , ζh}

is a finite subset of ∂Dk, and α maps all the other points into points which either belong to stable
manifolds of rest points of index less than k − 1, or eventually enter A; so the orbit of any point
in α(∂Dk \ {ζ1, . . . , ζh}) eventually enters Mk−2. Choose r > 0 so small that the closed r-balls
Br(ζi) ⊂ ∂Dk centered in ζi are pairwise disjoint (k − 1)-discs. Let b : ∂Dk → R be a continuous
function such that

χ tMk−2 ◦ α < b < t+ ◦ α,

where χ is the characteristic function of the open set ∂Dk \
⋃h
i=1Br(ζi), and tMk−2 is the entrance

time function into Mk−2. Then α is homotopic to the map

β : ∂Dk →Mk−1, ζ 7→ φ(b(ζ), α(ζ)),

so
θx∗ (ωk) = i∗α∗(σk−1) = i∗β∗(σk−1).

Denote by
γi : (Dk−1, ∂Dk−1) → (Mk−1,Mk−2)

the composition of i ◦ β with an orientation preserving homeomorphism

(Dk−1, ∂Dk−1) → (Bρ(ζi), ∂Bρ(ζi)).

Then the result of Exercise 2.12 shows that:

(40) θx∗ (ωk) = i∗β∗(σk−1) =
h∑
i=1

γi∗(ωk−1).

Fix some i ∈ {1, . . . , h}, let y be the rest point of index k − 1 towards which the orbit of α(ζi),
i.e. of β(ζi), converges for t → +∞, and let Wi be the connected component of Wu(x) ∩W s(y)
consisting of such an orbit.

We claim that γi is homotopic to either θy, in the case ε(Wi) = 1, or to θy ◦ µ, where µ is an
orientation reversing automorphism of (Dk−1, ∂Dk−1), in the case ε(Wi) = −1. Therefore

γi∗(ωk−1) = ε(Wi)θy∗(ωk−1),

and (40) allows to conclude.
Let us proof the claim. Up to a small perturbation, we may assume that γi is a C1 embedding of

a closed (k−1)-disc, meetingW s(y) transversally at the single point p = γi(0). The diffeomorphism
γi induces an orientation of Tpγi(Dk−1), the one for which

TpW
u(x) = RX(p)⊕ Tpγi(Dk−1)

is an oriented sum. The differential of the flow D2φ(t, ·) at p maps the tangent space of γi(Dk−1)
at p onto a subspace of Tφ(t,p)M which converges to TyW

u(y) for t → +∞ (see for instance
[AM03c], Theorem 2.1 (iii)). A first consequence is that the orientation of Tpγi(Dk−1) defined
above is ε(Wi) times the orientation obtained by seeing Tpγi(Dk−1) as a complement of TpW s(y)
in TpM . A second consequence is that, by the evolution of graphs of Lipschitz maps from Euy (r)
to Esy(r) near the hyperbolic rest point y (see [Shu87], or [AM01], Proposition A.3 and Addendum

27



A.5), if r > 0 is small and t ≥ 0 is large then φ({t} × γi(Dk−1)) ∩ Ey(r) is the graph of a map3

τ : Euy (r) → Esy(r). Let K ⊂ Dk−1 be the closed neighborhood of 0 such that

φ({t} × γi(K)) = graph τ.

Since K is a closed (k − 1)-disc, it is a deformation retract of Dk−1. Since the local unstable
manifold Wu

loc,r(y) is also the graph of a map σu : Euy (r) → Esy(r), it is now easy to combine
the above maps to construct a homotopy between γi and an embedding of (Dk−1, ∂Dk−1) into
(Wu(y),Wu(y) ∩Mk−2), which is orientation preserving, hence homotopic to θy, if ε(Wi) = 1,
orientation reversing, hence homotopic to θy ◦ µ, if ε(Wi) = −1.

2.9 How to remove the assumption (A8)

If we drop assumption (A8), there need not exist a function ρ satisfying (34), and it becomes
more difficult to associate a cellular filtration to X. Nevertheless, we can make the graded group
C∗(X) into a chain complex by taking a direct limit of the Morse complexes on sublevels {f < a},
for a ↑ sup f . On these domains indeed, there are finitely many rest points and condition (A7)
guarantees condition (A8). Not being forced to assume (A8) is a positive fact, in that assumption
(A7) can be more easily achieved by generic perturbations, as we shall see in section 2.12.

If the supremum of f on M is attained, by (A2) and (A6) X has finitely many rest points, so
(A8) is implied by (A7). Thus, we can assume that sup f is not attained.

For a < sup f , let W∗(X)a be the Morse complex associated to M̂a := A ∪ {f < a}, and if
a < b < sup f , let

wab : W∗(X)a →W∗(X)b

be the chain map induced by the inclusion M̂a ↪→ M̂ b. The Morse complex of X is defined to be
the chain complex

W∗(X) := lim
a↑sup f

W∗(X)a,

the limit of the direct system {W∗(X), wab}. Notice that if (A8) holds, so that W∗(X) is the chain
complex defined in section 2.7, the family of chain complexes {W∗(X)a}a<sup f is identified with
an increasing and exhausting family of sub-complexes of W∗(X), so this definition of the Morse
complex agrees with the previous one.

Since the homology of a direct limit of chain complexes is the direct limit of the homologies
(see [Dol80], VIII.5.20),

HkW∗(X) = lim
a↑sup f

HkW∗(X)a.

Similarly, the singular homology of an increasing union of open subsets is the limit of the singular
homologies (see [Dol80], VIII.5.22), so

Hk(M̂,A) = lim
a↑sup f

Hk(M̂a, A).

We conclude that the homology of the Morse complex of X is isomorphic to the singular homology
of (M̂,A),

Hk(W∗(X)) ∼= Hk(M̂,A) ∀k ∈ N.
Finally, having fixed an orientation for each unstable manifold, we have the isomorphisms

Θa
k : Ck(X)a ∼= Wk(X)a,

Ck(X)a being the subgroup of Ck(X) generated by the rest points x with f(x) < a, and the limit
of this direct system defines an isomorphism

Θk : Ck(X) ∼= Wk(X).
3This statement is part of the content of the so called λ-lemma, in the particular case of a gradient-like flow.

See [Pal69] and [PdM82].
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2.13 Remark. Since the boundary of x ∈ rest (X) in C∗(X) and in C∗(X)a coincide when
f(x) < a < sup f , the formula for the boundary homomorphism under the Morse-Smale condition
up to order 1 (Theorem 2.11) holds also without assuming (A8).

2.10 Morse functions on Hilbert manifolds

A particular but important case is the following situation: f is a C2 Morse function on a smooth
Hilbert manifold N , endowed with a C1 Riemannian metric g, −∞ < a < b ≤ +∞, M̂ =
{p ∈ N | f(p) < b}, M = {p ∈ N | a < f(p) < b}, and X̂ = −∇f , the negative gradient of f with
respect to the metric g. Let us see what the assumptions (A1)-(A8) look like in this situation.

In this case, of course, rest (X) = crit(f) ∩ {a < f < b}, the set of critical points of f with
values between a and b. Condition (A2) is equivalent to saying that f is a Morse function on M ,
and in condition (A3) the Morse index is the standard Morse index of a critical point of f |M . The
set of critical points of f with index k will be denoted by critk(f).

Condition (A4) is automatically fulfilled, f itself being a Lyapunov function for −∇f , and so
is condition (A5).

In the case of a gradient flow the (PS) condition can be restated in the more familiar way:
the pair (f, g) satisfies the (PS) condition at level c ∈ R if every sequence (pn) ⊂ M̂ such that
f(pn) → c and ‖df(pn)‖ → 0 is compact (here the norm ‖·‖ on T ∗M is induced by the Riemannian
structure g). The assumption (A6) is equivalent to: (f, g) satisfies the (PS) condition at level c
for every c ∈ [a, b[, and a is a regular value for f .

As we shall see in section 2.12, the Morse-Smale condition required in (A7) can be always
achieved by perturbing the metric g.

Finally, assumption (A1) is automatically fulfilled when (M̂, g) is complete. Indeed, the fol-
lowing fact holds.

2.14 Proposition. Let f ∈ C2(M̂,R) and a ∈ R be such that the strip {a ≤ f ≤ c} is complete
(with respect to the geodesic distance d on M̂ induced by the Riemannian metric g), for every
c < sup f . Then the vector field −∇f is positively complete with respect to {f < a}.

Proof. Let p ∈ M̂ and consider the curve u : [0, t+(p)[→ M̂ , u(t) = φ(t, p). If f(p) = sup f , then
p is a critical point of f , so t+(p) = +∞. If inf f ◦ u < a then u(t) eventually enters {f < a}.

Therefore we can assume that f(p) < sup f and u([0, t+(p)[) ⊂ {a ≤ f ≤ f(p)}, and we must
prove that t+(p) = +∞. Let 0 ≤ s < t. Then

f(u(t))− f(u(s)) =
∫ t

s

Df(u(τ))[−∇f(u(τ))] dτ = −
∫ t

s

g(∇f(u(τ)),∇f(u(τ))) dτ,

and the Cauchy-Schwarz inequality implies that

d(u(s), u(t)) ≤
∫ t

s

√
g(u′(τ), u′(τ)) dτ =

∫ t

s

√
g(∇f(u(τ)),∇f(u(τ))) dτ

≤
√
t− s

(∫ t

s

g(∇f(u(τ)),∇f(u(τ))) dτ
) 1

2

=
√
t− s

√
f(u(s))− f(u(t))

≤
√
t− s

√
f(p)− inf f ◦ u.

The above estimate shows that u is uniformly continuous. If by contradiction t+(p) < +∞, by
the completeness of the strip {a ≤ f ≤ f(p)} we deduce that u(t) converges for t → t+(p). But
then the solution u of u′ = −∇f(u), u(0) = p, can be extended to a right neighborhood of t+(p),
contradicting the maximality of t+(p).

We summarize the above discussion into the following proposition.

2.15 Proposition. Let f be a C2 function on the smooth Hilbert manifold N , endowed with a
C1 Riemannian metric g, and let −∞ < a < b ≤ +∞. Assume that
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(B1) a is a regular value of f ;

(B2) f is a Morse function on {a < f < b}, and it has only critical points of finite Morse index
in such a strip;

(B3) for every c < b, the strip {a ≤ f ≤ c} is complete;

(B4) f satisfies the (PS) condition at every level c ∈ [a, b[.

Then, setting M̂ = {f < b}, X̂ = −∇f |
M̂

and M = {a < f < b}, the conditions (A1)-(A6) are
fulfilled.

Notice that only (B3) and (B4) involve the metric. Moreover, if (B3) and (B4) hold for some
metric, they hold also for every uniformly equivalent metric.

Under the assumptions (B1)-(B4), the free Abelian group generated by the critical points of
f of index k in {a < f < b} will be denoted by Ck(f)ba. The lower index will be omitted when
a < inf f , the upper index will be omitted when b = +∞.

If −∇f satisfies also the Morse-Smale condition up to order 0 on {a < f < b}, the boundary
operator of the Morse complex of −∇f on {a < f < b} will be denoted by

∂k(f, g)ba : Ck(f)ba → Ck−1(f)ba.

Its homology is isomorphic to the singular homology of ({f < b}, {f < a}):

Hk({C∗(f)ba, ∂∗(f, g)
b
a}) ∼= Hk({f < b}, {f < a}).

2.11 Basic results in transversality theory

In the following lemma we single out a useful family of linear mappings whose kernel is comple-
mented.

2.16 Lemma. Let E,F,G be Banach spaces, and assume that A ∈ L(E,G) has complemented
kernel and finite codimensional range. Then for every B ∈ L(F,G) the kernel of the operator
C ∈ L(E × F,G), C(e, f) = Ae−Bf , is complemented in E × F .

Proof. Let E0 := kerA, E1 be a closed complement of E0 in E, and P0, P1 be the associated
projectors. Let G1 := ranA, G0 be a (finite dimensional) complement of G1 in G, and Q0, Q1 be
the associated projectors. Then A induces an isomorphism from E1 onto G1, whose inverse will
be denoted by T ∈ L(G1, E1).

The equation C(e, f) = 0 is equivalent to AP1e = Bf , which is equivalent to the system{
AP1e = Q1Bf,
Q0Bf = 0,

again equivalent to

(41)
{
P1e = TQ1Bf,
Q0Bf = 0.

Since Q0B has finite rank, its kernel - say F0 - has a (finite dimensional) complement F1. By (41),
the kernel of C is

kerC = {(e0 + TQ1Bf0, f0) ∈ E × F | e0 ∈ E0, f0 ∈ F0} ,

and the closed linear subspace E1 × F1 is a complement of kerC.

Let us recall some definitions and basic facts about transversality in a Banach setting. A
classical reference for these topics is [AR67]. If ϕ : M → N is a Ck map between Banach
manifolds, k ≥ 1, a point q ∈ N is said a regular value for ϕ if for every p ∈ ϕ−1({q}) the
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differential Dϕ(p) : TpM → TqN is a left inverse, i.e. if it is onto and its kernel is complemented.
In this case, ϕ−1({q}) is a submanifold of class Ck.

A C1 map ϕ : M → N between Banach manifolds is said a Fredholm map if its differential at
every point is a Fredholm operator. When the index of the differential is constant (for instance
when M is connected), this integer is said the Fredholm index of ϕ.

2.17 Proposition. Let M,N,O be Banach manifolds, and let ϕ ∈ C1(M,N), ψ ∈ C1(M,O) be
maps with regular values p ∈ N and q ∈ O. Then:

(i) p is a regular value for ϕ|ψ−1({q}) if and only if q is a regular value for ψ|ϕ−1({p});

(ii) ϕ|ψ−1({q}) is a Fredholm map if and only if ψ|ϕ−1({p}) is a Fredholm map, in which case the
indices coincide.

This proposition is a consequence of the following linear statements.

2.18 Proposition. Let E,F,G be Banach spaces, and let A ∈ L(E,F ), B ∈ L(E,G) be left
inverses. Then:

(i) A|kerB is a left inverse if and only if B|kerA is a left inverse;

(ii) A|kerB is Fredholm if and only if B|kerA is Fredholm, in which case the indices coincide.

Proof. Let R ∈ L(F,E) and S ∈ L(G,E) be right inverses of A and B, respectively.
(i) If R0 ∈ L(F, kerB) is a right inverse of A|kerB , i.e. a right inverse of A with range in kerB,

the map S0 := (IE −R0A)S is a right inverse of B, being a perturbation of S by an operator with
range in kerB, and it takes value in kerA because

AS0 = AS −AR0AS = AS − IFAS = 0.

Therefore, S0 is a right inverse of B|kerA.
(ii) The kernels of A|kerB and B|kerA coincide:

kerA|kerB = kerB|kerA = kerA ∩ kerB.

Moreover, since R : F → RF is an isomorphism and since I −RA is a projector onto kerA,

cokerA|kerB =
F

A kerB
R∼=

RF

RA kerB
∼=

kerA+RF

kerA+RA kerB
=

E

kerA+ kerB
.

We conclude that the assertions in (ii) are equivalent, each of them being equivalent to the fact
that the pair of subspaces (kerA, kerB) is Fredholm, i.e. kerA ∩ kerB is finite dimensional, and
kerA + kerB is finite codimensional4. The index of A|kerB and of B|kerA equals the index of
(kerA, kerB),

ind (kerA, kerB) = dim kerA ∩ kerB − codim(kerA+ kerB).

We recall that a subspace T ′ of a topological space T is said residual if it contains a countable
intersection of open and dense subspaces of T . Baire theorem guarantees that a residual subspace
of a complete metric space is dense.

The following Sard-Smale Theorem, combined with Proposition 2.17, is the basic tool to deal
with transversality questions.

2.19 Theorem. Let M , N be Ch Banach manifolds, h ≥ 1, with M Lindelöf. Let ϕ : M → N be
a Ch Fredholm map of index m. If h > max{0,m} then the set of regular values of ϕ is residual
in N .

The proof can be found in [Sma65].
4See also section 3.2.
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2.12 Genericity of the Morse-Smale condition

Let f be a Ch+1 real function, h ≥ 1, on the smooth Hilbert manifold N , endowed with a
Riemannian metric g of class Ch. Let −∞ < a < b ≤ +∞, and assume (B1)-(B4). The aim of
this section is to show that it is possible to perturb the metric g obtaining a uniformly equivalent
metric such that the associated negative gradient of f has the Morse-Smale property up to order
h. We shall assume N to be infinite dimensional and second countable (in particular, it is modeled
on a separable Hilbert space).

A well known theorem by Eells and Elworthy [EE70] implies that every infinite dimensional
Hilbert manifold can be smoothly embedded as an open subset of a Hilbert space. So we may
assume that N is an open subset of the separable Hilbert space (H, 〈·, ·〉)5.

Denote by Sym(H) the Banach space of self-adjoint bounded linear operators on H. The
metric g can be represented by a Ch map G : N → Sym(H) taking values in the cone of positive
operators, such that

g(p)[ξ, η] = 〈G(p)ξ, η〉 ∀p ∈ N, ∀ξ, η ∈ TpN = H.

We shall always denote by a lower case letter a symmetric bilinear form, and by the corresponding
upper case letter the associated self-adjoint operator. The gradient of f with respect to the metric
g is ∇gf(p) = G(p)−1∇f(p), where ∇f denotes the gradient of f with respect to the Hilbert inner
product 〈·, ·〉.

The Morse-Smale property will be achieved by rank 2 perturbations of G. In order to describe
the space of such perturbations, let θ : N → [0,+∞[ be a continuous function such that

(42) θ(p) ≤ 1
‖G(p)−1‖

∀p ∈ N.

The vector space

K :=
{
K ∈ Chb (N,Sym(H)) | rankK(p) ≤ 2 ∀p ∈ N, ∃c ≥ 0 such that ‖K(p)‖ ≤ c θ(p) ∀p ∈ N

}
is a Banach space with the norm

‖K‖K := ‖K‖Ch + sup
θ(p) 6=0

‖K(p)‖
θ(p)

.

As usual, the symbol Chb denotes the space of maps whose differentials up to the h-th order are
continuous and bounded. Notice that the maps K ∈ K vanish on the set of zeroes of θ. By (42),
for every p ∈ N

‖G(p)−1K(p)‖ ≤ ‖G(p)−1‖‖K‖Kθ(p) ≤ ‖K‖K,

so if ‖K‖K < 1, G+K = G(I +G−1K) is positive, and defines a metric g + k which is uniformly
equivalent to g. Denote by K1 the open unit ball of K. The main result of this section is the
following theorem.

2.20 Theorem. Let f be a Ch+1 function, h ≥ 1, on the smooth second countable Hilbert manifold
N ⊂ H, endowed with a Riemannian metric g of class Ch. Let −∞ < a < b ≤ +∞, and assume
(B2). Assume that the continuous function θ : N → [0,+∞[ satisfies (42), that its set of zeroes
is the closure of an open set, and that it has the following property: if x, y are critical points in
{a < f < b} with m(x) −m(y) ≤ h, such that Wu(x) and W s(y) (with respect to −∇gf) have a
non-transverse intersection at p, then θ > 0 somewhere on the orbit of p.

Then for every K in a residual subspace of K1, the metric g + k associated to G +K is such
that the vector field −∇g+kf satisfies the Morse-Smale property up to order h.

5Viewing N as an open subset of a Hilbert space is useful to simplify the notation (some spaces of maps are
Banach spaces and not Banach manifolds, some sections of Banach bundles are just maps between Banach spaces,
and so on) but it is by no means necessary. Therefore the results of this section hold also for a finite dimensional
N which is not diffeomorphic to an open subset of Rn.
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Notice that high regularity of f and g is needed if we want to achieve the Morse-Smale property
up to a high order. This phenomenon is determined by the regularity versus Fredholm index
assumption required by the Sard-Smale Theorem 2.19. In a finite dimensional setting this problem
does not occur because there Ch functions can always be Ch-approximated by smooth ones, while
such an approximation may not be possible on an infinite dimensional Hilbert space (see for
instance [NS73, LL86]). Notice that C2 regularity of f is enough to get the Morse-Smale property
up to order 1, which is just what we need in order to have the Morse complex and to represent it
by intersection numbers.

The possibility of having a function θ which vanishes on some regions where the intersections
are already transversal and which can be very small elsewhere will be useful in section 2.13.

Let us set up the proof of Theorem 2.20. Fix two critical points x 6= y in {a < f < b} with
m(x)−m(y) ≤ h, and consider the space of curves

C = C(x, y) :=
{
u ∈ C1(R, N) | lim

t→−∞
u(t) = x, lim

t→+∞
u(t) = y, lim

t→±∞
u′(t) = 0

}
.

The space C is a smooth Banach manifold, being an open subset of an affine Banach space modeled
on C1

0 (R,H) (the spaces Ch0 are defined in section 1.2). Therefore, TuC = C1
0 (R,H). The map

Ψ : C × K1 → C0
0 (R,H), (u,K) 7→ u′ +∇g+kf(u) = u′ + (G+K)−1(u)∇f(u),

is of class Ch, and its zeroes are the pairs (u,K) such that u is a negative gradient flow line of
f with respect to the metric g + k, going from x to y. Set Z := Ψ−1({0}). The following two
lemmas describe some properties of the differential of Ψ with respect to the first, respectively the
second variable.

2.21 Lemma. Let (u,K) ∈ Z. Then:

(i) the operator D1Ψ(u,K) : TuC → C0
0 (R,H) is Fredholm of index m(x)−m(y);

(ii) the operator D1Ψ(u,K) is onto if and only if the unstable manifold of x and the stable
manifold of y with respect to the vector field −∇g+kf intersect transversally at u(t) for some
(hence all) t ∈ R;

(iii) if w ∈ C0
0 (R,H) and a < b are real numbers, then there exists v ∈ TuC such that

D1Ψ(u,K)[v](t) = w(t) ∀t ∈]−∞, a] ∪ [b,+∞[.

Proof. The differential of Ψ with respect to the first variable is of the form

D1Ψ(u,K) : C1
0 (R,H) → C0

0 (R,H), v 7→ v′ −Av,

where A : R→ L(H) is defined by

A(t) := −(G+K)−1(u(t))D2f(u(t))−D(G+K)−1)(u(t)∇f(u(t)).

Since u(t) converges to x, resp. to y, for t → −∞, resp. t → +∞, A(t) converges in norm to the
operators

A(−∞) = −(G+K)−1(x)D2f(x) = −∇2
g+kf(x),

A(+∞) = −(G+K)−1(y)D2f(y) = −∇2
g+kf(y),

which are hyperbolic, and have positive eigenspaces of dimension m(x) and m(y), respectively.
Then (i) follows from Proposition 1.8. Claim (ii) follows from the second identity in (9), and from
the identities

Tu(0)W
u(x) = Wu

A, Tu(0)W
s(y) = W s

A.

As for claim (iii), up to a translation we may assume that a < 0 < b. Then the conclusion follows
from Proposition 1.6 (i), applied to A|[0,+∞] and to A|[−∞,0](−·).
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2.22 Lemma. Let (u,K) ∈ Z, and let a < b be real numbers such that θ(u(t)) 6= 0 for every
t ∈ [a, b]. Let w ∈ Ch(R,H) be a curve with support in [a, b]. Then there exists J ∈ K such that
D2Ψ(u,K)[J ] = w.

Proof. The differential of Ψ with respect to the second variable is

D2Ψ(u,K)[J ] = −(G+K)−1(u)J(u)(G+K)−1(u)∇f(u).

Since (u,K) ∈ Z, the curve u is a flow line of the vector field −∇g+kf going from x to y. In
particular, u is a Ch+1 embedding of R into N , and ∇fg+k ◦ u never vanishes.

It is easy to find a Ch curve J0 : R → Sym(H) with support in [a, b] such that for every
t ∈ R the symmetric operator J(t) has rank not exceeding 2, and maps the non-zero vector
(G + K)−1(u(t))∇f(u(t)) = ∇g+kf(u(t)) into the vector −(G + K)(u(t))w(t). Indeed, one may
write an explicit formula for J0 by noticing that if ξ 6= 0 and η are two elements of H, the bounded
linear operator on H

ζ 7→ 〈ξ, ζ〉
|ξ|2

η +
〈η, ζ〉
|ξ|2

ξ − 〈ξ, η〉 〈ξ, ζ〉
|ξ|4

ξ,

is self-adjoint, has rank not exceeding 2, vanishes when η = 0, maps ξ into η, and depends smoothly
on (ξ, η) ∈ (H \ {0})×H.

Since u is a Ch+1 embedding, given δ > 0 we can find an open neighborhood U of u(]a−δ, b+δ[)
and a Ch+1 submersion τ : U →]a−δ, b+δ[ such that τ(u(t)) = t for every t ∈]a−δ, b+δ[. Since θ is
positive on u([a, b]), up to choosing a smaller δ and a smaller U we may assume that infU θ > 0, and
also that τ has bounded derivatives up to order h+ 1. If ψ ∈ C∞b (H,R) is a cut-off function with
support in U and taking value 1 on u([a, b]), the Ch map J : N → Sym(H), J(p) = ψ(p)J0(τ(p)),
belongs to K and has the required property.

The following lemma is the key point in the proof of Theorem 2.20.

2.23 Lemma. Let (u,K) ∈ Z. Then the differential DΨ(u,K) : TuC × K → C0
0 (R,H) is a left

inverse.

Proof. We must prove that the operator

DΨ(u,K)[(v, J)] = D1Ψ(u,K)[v] +D2Ψ(u,K)[J ]

is onto and that its kernel is complemented in TuC×K. By Lemma 2.21 (i), the operatorD1Ψ(u,K)
is Fredholm, so Lemma 2.16 implies that kerDΨ(u,K) is complemented in TuC × K. Moreover,
the range of DΨ(u,K) contains the range of D1Ψ(u,K), in particular it has finite codimension.

If θ ◦ u(t) = 0 for every t ∈ R, also K ◦ u vanishes identically, so ∇g+kf ◦ u = ∇gf ◦ u,
and (recalling that the set of zeroes of θ is the closure of an open set) the tangent spaces of
the unstable and stable manifolds of x and y along u are the same for −∇g+kf and for −∇gf .
Therefore, the assumption of Theorem 2.20 guarantees that these manifolds meet transversally
along u. By Lemma 2.21 (ii), D1Ψ(u,K) is onto, and so is DΨ(u,K).

If θ ◦ u is not identically zero, we can find real numbers a < b such that θ(u(t)) 6= 0 for every
t ∈ [a, b]. Let w ∈ C0

0 (R,H) and let ε > 0. By Lemma 2.21 (iii), there exists v ∈ TuC such that

D1Ψ(u,K)[v](t) = w(t) ∀t ∈]−∞, a] ∪ [b,+∞[.

The curve w −D1Ψ(u,K)[v] is continuous and has support in [a, b], and we can find a Ch curve
z : R→ H with support in [a, b] such that

‖z − (w −D1Ψ(u,K)[v])‖∞ < ε.

Since z has support in [a, b], where θ ◦ u does not vanish, by Lemma 2.22 there exists J ∈ K such
that D2Ψ(u,K)[J ] = z. Hence

‖DΨ(u,K)[(v, J)]− w‖∞ = ‖D1Ψ(u,K)[v] + z − w‖∞ < ε.
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Therefore, DΨ(u,K) has dense and finite codimensional range, so it is onto.

In particular, Z is a Ch submanifold of C ×K1. Let π be the restriction to Z of the projection
onto the second factor in the product C × K1.

2.24 Lemma. The map π : Z → K1 is Fredholm of index m(x)−m(y).

Proof. Everything follows from Proposition 2.17 (ii), applied to M = C × K1, N = K1, O =
C0

0 (R,H), ϕ : C × K1 → K1 projection onto the second factor, ψ = Ψ, together with Lemma 2.21
(i) and Proposition 2.23.

Denote by H(x, y) the set of regular values of π.

2.25 Lemma. The set H(x, y) is residual in K1.

Proof. Notice that R acts freely on the submanifold Z by (t, (u,K)) 7→ (u(t+ ·),K), and the map
π is invariant with respect to this action. Therefore, the quotient space Z̃ = Z/R is still a Ch

manifold, and the induced map π̃ : Z̃ → K1 is of class Ch and Fredholm index m(x)−m(y)− 1 ≤
h− 1, by Lemma 2.24. Moreover, K is a regular value for π if and only if it is a regular value for
π̃.

Since N , and thus H, is assumed to be second countable, C × K1 is second countable, and so
are Z and Z̃. Since the level of differentiability of π̃ is strictly greater than its Fredholm index, the
Sard-Smale Theorem 2.19 implies that the set of regular values of π̃ - and thus of π - is residual
in K1.

Proof [of Theorem 2.20]. By Proposition 2.17 (i), H(x, y) is also the set of K ∈ K1 for which the
map Ψ(·,K) : C(x, y) → C0

0 (R,H) has 0 as a regular value. By Lemma 2.21 (ii), H(x, y) is also
the set of K ∈ K1 such that the unstable manifold of x and the stable manifold of y with respect
to −∇g+kf meet transversally. By Lemma 2.25, the countable intersection⋂

x,y∈crit(f)∩{a<f<b}
x6=y, m(x)−m(y)≤h

H(x, y)

is the required residual subset of K1.

2.13 Invariance of the Morse complex

Let f ∈ C2(M) be a Morse function on the smooth second countable Hilbert manifold M , with
critical points of finite index. Assume that f is bounded below and that M admits a complete
Riemannian metric g such that (f, g) satisfies the Palais-Smale condition. We know from the
previous section that by perturbing g we can achieve also the Morse-Smale property up to order
1. In general, different Morse-Smale metrics will produce different Morse complexes: the groups
Ck(f) are the same, but the boundary operators ∂k may vary. Of course the homology of the Morse
complex does not vary, being isomorphic to the singular homology of M , but we can say more:
varying the metric we obtain isomorphic chain complexes. This fact was observed by Cornea and
Ranicki [CR03] (together with other rigidity results) for compact manifolds, and for some cases
of Floer theory. The proof we give here in our infinite dimensional situation uses an idea from
[AM01] (see also [Poz91]).

2.26 Theorem. Let f ∈ C2(M) be a Morse function, bounded below, having only critical points
of finite Morse index. Let g0 and g1 be complete Riemannian metrics on M , such that both (f, g0)
and (f, g1) satisfy (PS) and the Morse-Smale property up to order 1. Then there is a chain complex
isomorphism

Φ : {C∗(f), ∂∗(f, g0)} ∼= {C∗(f), ∂∗(f, g1)}
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of the form

(43) Φx = x+
∑

y∈critk(f)
f(y)<f(x)

n(x, y)y, ∀x ∈ critk(f), k ∈ N,

for suitable integers n(x, y).

The following Lemma will be needed in the proof:

2.27 Lemma. Let a be a non-degenerate continuous symmetric bilinear form on the real Hilbert
space (H, 〈·, ·〉), with either finite Morse index or finite Morse co-index. Let t0 ≥ 0, and let
t 7→ 〈·, ·〉t, t ∈ R, be a continuous path of inner products on H - equivalent to 〈·, ·〉 - constant for
t ≥ t0 and for t ≤ −t0. Let A(t) be the 〈·, ·〉t-self-adjoint bounded operator on H representing a
with respect to the inner product 〈·, ·〉t: a(ξ, η) = 〈A(t)ξ, η〉t for every ξ, η ∈ H. Then the linear
stable and unstable spaces of the path A (see section 1.2) satisfy

H = W s
A ⊕Wu

A.

Proof. The path A is continuous and it is constant for t ≥ t0 and for t ≤ −t0. Let us assume that
a has finite Morse index, the other case being easily reducible to this one. The linear stable space
W s
A has dimension m(a), the Morse index of a, while the linear unstable space Wu

A is closed and
has codimension m(a). Therefore, it is enough to prove that W s

A ∩Wu
A = (0).

Let u0 ∈W s
A ∩Wu

A, and let u : R→ H be the solution of the linear Cauchy problem{
u′(t) = A(t)u(t),
u(0) = u0.

Since A is constant for t ≥ t0 and for t ≤ −t0,

u(t) = e(t−t0)A(t0)u(t0) ∀t ≥ t0, u(t) = e(t+t0)A(−t0)u(−t0) ∀t ≤ −t0.

Since u(t) → 0 for |t| → 0, we deduce that u(t0) belongs to the negative eigenspace of A(t0), and
u(−t0) belongs to the positive eigenspace of A(−t0). Since both A(t0) and A(−t0) represent the
symmetric form a, we have

(44) a(u(t0), u(t0)) ≤ 0, a(u(−t0), u(−t0)) ≥ 0.

On the other hand, since A(t) represent a for every t, the inequality

1
2
d

dt
a(u(t), u(t)) = a(u(t), u′(t)) = a(u(t), A(t)u(t)) = 〈A(t)u(t), A(t)u(t)〉t ≥ 0

is compatible with (44) if and only if u(t) = 0 for every t ∈ [−t0, t0] (hence for every t ∈ R),
proving that u0 = 0. Therefore W s

A ∩Wu
A = (0).

Proof [of Theorem 2.26]. We introduce the smooth Morse function

ϕ : R→ R, ϕ(s) = 2s3 − 3s2 + 1,

which has two critical points, namely a local maximum at 0, with ϕ(0) = 1, and a local minimum
at 1, with ϕ(1) = 0. Moreover ϕ′(s) diverges for |s| → +∞.

On the manifold M̃ = R×M consider the C2 function

f̃ : M̃ → R, f̃(s, p) = ϕ(s) + f(p).

It is a Morse function, with critical points of finite Morse index, and

critk(f̃) = ({0} × critk−1(f)) ∪ ({1} × critk(f)) ,
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for every k ∈ N. Therefore

(45) Ck(f̃) ∼= Ck−1(f)⊕ Ck(f), ∀k ∈ N,

the first group in the sum corresponding to the critical points in {0}×M , the second one to critical
points in {1} ×M .

If χ : R → [0, 1] is a smooth cut-off function such that χ(s) = 1 for s ≤ 1/3 and χ(s) = 0 for
s ≥ 2/3, we can consider the complete Riemannian metric on M̃

g̃(s, p)[(σ, ξ), (σ′, ξ′)] = σσ′ + χ(s)g0(p)[ξ, ξ′] + (1− χ(s))g1(p)[ξ, ξ′],

for every (σ, ξ), (σ′, ξ′) ∈ T(s,p)M̃ = R⊕ TpM .
Let ((sn, pn)) be a (PS) sequence for (f̃ , g̃). Since ‖∇g̃ f̃(s, p)‖g̃ ≥ |ϕ′(s)|, we can find a

subsequence of (sn) which converges either to 0 or to 1. Since (f, g0) and (f, g1) satisfy (PS) and
g̃(s, p)|(0)⊕TM is just g0 for s close to 0 and g1 for s close to 1, we conclude that (f̃ , g̃) satisfies
(PS).

Let us examine the negative gradient flow of f̃ with respect to the metric g̃.

(i) The hyper-surfaces {0} ×M and {1} ×M are flow-invariant, and the restriction of the flow
to {i} ×M is nothing else but the negative gradient flow of f with respect to the metric gi,
for i = 0, 1.

Moreover the invariant set {0} ×M is a repeller, while {1} ×M is an attractor. Therefore:

(ii) The only flow lines going from a critical point in {i} ×M to a critical point in the same
hyper-surface are those which are fully contained in {i} ×M , for i = 0, 1.

(iii) There are no flow lines going from a critical point in {1}×M to a critical point in {0}×M .

If we view f as a function on M̃ , we have

(46) Df(s, p)[−∇g̃ f̃(s, p)] = Df(s, p)[(−ϕ′(s),−∇g̃(s,·)f(p)] = −‖∇g̃(s,·)f(p)‖2g̃(s,·).

This implies that f is almost a Lyapunov function for the vector field −∇g̃ f̃ :

(iv) f decreases strictly on all the non-constant orbits, apart from those of the form

t 7→ (s(t), x), with x ∈ crit(f), s′(t) = −ϕ′(s(t)).

In particular, up to time shifts there is exactly one flow line going from (0, x) to (1, x), for
x ∈ crit(f), namely the orbit

(47) t 7→ (s(t), x), with
{
s′(t) = −ϕ′(s(t)),
s(0) = 1

2 .

We claim that the intersection Wu((0, x)) ∩ W s((1, x)) =]0, 1[×{x} is transverse. Indeed, by
linearizing along the flow line (s(t), x), we easily see that

T(1/2,x)W
u((0, x)) = R⊕Wu

A, T(1/2,x)W
s((1, x)) = R⊕W s

A,

where the bounded linear operator A(t) : TxM → TxM is minus the Hessian of f at the critical
point x with respect to the inner product

g̃(s(t), x)|(0)⊕TxM = χ(s(t))g0 + (1− χ(s(t)))g1.

Then A(t) represents the second differential of f at x with respect to the above inner product, so
by Lemma 2.27, TxM = W s

A ⊕Wu
A. Therefore

T(1/2,x)W
u((0, x))⊕ T(1/2,x)W

s((1, x)) = R⊕ TxM = T(1/2,x)M̃,
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proving transversality.
The vector field −∇g̃ f̃ need not satisfy the Morse-Smale condition up to order 1, but the only

points where transversality can fail are the intersections of the unstable manifold of a critical point
(0, x) with the stable manifold of a critical point (1, y), with x 6= y critical points of f . We can
perturb the metric g̃ in order to achieve the Morse-Smale property up to order 1 without loosing
the nice features (i)-(iv) of the vector field −∇g̃ f̃ . More precisely, by Theorem 2.20, taking into
account (46), we can find a complete metric g on M̃ such that

(a) (f̃ , g) satisfies (PS);

(b) g coincides with g̃ on the sets ]−∞, 1/3]×M , [2/3,+∞[×M , and R× U , where U ⊂M is
a neighborhood of crit(f);

(c) Df(s, p)[−∇g f̃(s, p)] < 0 if p /∈ crit(f);

(d) (f̃ , g) satisfies the Morse-Smale property up to order 1.

Indeed, the function θ appearing in the statement of Theorem 2.20 can be chosen to vanish on the
regions indicated in (b), where the intersections are already transverse, and to be so small that
the metrics belonging to the space of perturbations satisfy (c). By property (b), the flow of −∇g f̃
still satisfies (i), (ii), (iii). By (c), it satisfies also (iv).

We can now consider the Morse complex of (f̃ , g) relative to the sublevel {f̃ < inf f−1}. Notice
that this sublevel contains no critical points. The boundary operator ∂k(f̃ , g) can be described by
using Theorem 2.11 and Remark 2.13. To this purpose, it is convenient to choose the orientations
of the unstable manifolds in the following way: since for every x ∈ crit(f) there is a privileged
isomorphism

TxW
u(x;−∇g0f) ∼= TxW

u(x;−∇g1f),

namely the restriction to the first space of the projection onto the first factor in the splitting

TxM = TxW
u(x;−∇g1f)⊕ TxW

s(x;−∇g1f),

we can endow these two spaces with orientations which are compatible with this isomorphism.
Then

T(0,x)W
u((0, x);−∇g f̃) = R⊕ TxW

u(x;−∇g0f)

and
T(1,x)W

u((1, x);−∇g f̃) = (0)⊕ TxW
u(x;−∇g1f)

can be given the product orientations by the the standard orientations of R and (0). In this way,
we have chosen an orientation for the unstable manifold of each critical point of f̃ . With this
choice the transverse intersection

(48) Wu((0, x)) ∩W s((1, x)) =]0, 1[×{x}

is given the orientation corresponding to the vector ∂/∂s, which agrees with the direction of the
flow.

By (i), (ii), (iii), and (45) the boundary operator

∂k(f̃ , g) : Ck−1(f)⊕ Ck(f) → Ck−2(f)⊕ Ck−1(f)

can be written as

∂k(f̃ , g) =
(
∂k−1(f, g0) 0

Φk−1 ∂k(f, g1)

)
,

for some homomorphism
Φk : Ck(f) → Ck(f).

The fact that ∂∗(f̃ , g) is a boundary, i.e. ∂k(f̃ , g) ∂k+1(f̃ , g) = 0, implies that

Φk−1 ∂k(f, g0) = ∂k(f, g1) Φk,
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that is (Φk)k∈N is a chain homomorphism from the Morse complex of (f, g0) to the Morse complex
of (f, g1).

By (iv), the intersection

Wu((0, x);−∇g f̃) ∩W s((1, y);−∇g f̃)

can be non-empty only if f(y) < f(x) or x = y, and in the latter case it consists of the single orbit
(48).

Together with the previous discussion on orientations, this fact implies that Φ has the form
(43). So if we order the critical points of f with Morse index k by increasing value of f , we see
that the homomorphism Φk is represented by an upper-triangular matrix, with 1 on the diagonal
entries. A homomorphism of this form must be an isomorphism: this is well known when Ck(f)
has finite rank, because in this case Φk is represented by a finite matrix with determinant 1, an
invertible element of Z, but it remains true if the rank of Ck(f) is infinite. Indeed if x1, x2, . . .
are the critical points of index k ordered by increasing value of f , the inverse of Φk is defined
inductively by

Φ−1
k x1 = x1, Φ−1

k xh = xh −
h−1∑
i=1

n(xh, xi)Φ−1
k xi, ∀h ≥ 2.

2.28 Exercise. Generalize this result to the case of a strip {a < f < b}.

2.29 Exercise. When f satisfies the condition (A8), it is possible to obtain the same conclusion of
Theorem 2.26 by looking directly at the two cellular filtrations induced by the two negative gradient
flows. Prove this fact. Then use the limit arguments of section 2.9 to prove Theorem 2.26 under
the hypothesis that (f, g0) and (f, g1) satisfy the Morse-Smale condition only up to order 0.

3 The Morse complex in the case of infinite Morse indices

3.1 The program

In this part we will consider a gradient-like C1 vector field X on a Hilbert manifold M , whose rest
points have infinite Morse index and co-index. In this case, the stable and the unstable manifolds
of rest points are infinite dimensional, and the flow of X does not produce a meaningful cellular
filtration of M . Indeed, the infinite dimensional Hilbert ball is retractable onto its boundary, so
the rest points of X are homotopically invisible.

However, we may hope that in some cases the unstable and the stable manifolds of pairs of
rest points have finite dimensional intersections. If this holds, we could use the formula for the
boundary operator of Theorem 2.11 not as a description, but rather as the definition of the Morse
complex. Our program is to follow this idea.

Of course this program cannot be pursued in full generality. A first reason is that in general
the unstable and stable manifolds may not have finite dimensional intersections. A deeper reason
is that the setting of gradient-like flows for a Morse function with critical points of infinite Morse
index and co-index has too little rigidity. For instance, the following result was proved in [AM04].
A sketch of the proof will be presented at the end of section 3.3.

3.1 Theorem. Let f : M → R be a smooth Morse function on a separable Hilbert manifold,
whose critical points have infinite Morse index and co-index. Let a : crit(f) → Z be an arbitrary
function. Then there exists a Riemannian metric g on M such that the corresponding negative
gradient flow of f has the following property: for every pair of critical points x, y, the intersection
Wu(x) ∩W s(y) is transverse and - if non-empty - has dimension a(x)− a(y).

Moreover, the metric g can be chosen to be uniformly equivalent to any given metric g0 on M .
Finally, if (xi, yi), i = 1, . . . , k, are pairs of critical points such that xi and yi can be connected by
a path ui : [0, 1] → M such that Df(ui(t))[u′i(t)] is negative for every t ∈]0, 1[, the metric g can
be chosen in such a way that Wu(xi) ∩W s(yi) is not empty.
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Therefore the situation is drastically less rigid than the case of finite Morse indices, where
the Morse index of a critical point does not involve the metric, and where we have seen that the
isomorphism class of the Morse complex does not depend on the metric, and that its homology
does not even depend on f .

Let us examine an other example of the lack of rigidity determined by infinite Morse indices
and co-indices. We have seen that when the Morse indices are finite, the transverse intersection
Wu(x) ∩W s(y) is always orientable, and each of its components has the same dimension m(x)−
m(y). On the other hand, if Z is any separable Hilbert manifold (finite dimensional or not,
possibly with components of different dimension), there exists a smooth gradient-like flow on the
Hilbert space H with exactly two rest points x and y, such that the intersection Wu(x) ∩W s(y)
is transverse and diffeomorphic to Z × R (see [AM03b], section 4).

These phenomena suggest that a Morse theory for functions f : M → R with critical points of
infinite Morse index and co-index requires more structure than just the pair (M,f). Our choice
will be to consider a sub-bundle V of TM , suitably compatible with the gradient-like flow.

3.2 Fredholm pairs and compact perturbations of linear subspaces

Before proceeding, we need to review some facts about the Hilbert Grassmannian Gr(H), the set
of all closed linear subspaces of the separable Hilbert space H. See [AM03a] for a more complete
presentation. If V ∈ Gr(H), we shall denote by PV the orthogonal projection onto V . The set
Gr(H) is a complete metric space with the distance dist (V,W ) := ‖PV − PW ‖. The connected
components of Gr(H) are the subspaces

Grn,m(H) = {V ∈ Gr(H) | dimV = n, codimV = m} ,where n,m ∈ N ∪ {∞}, n+m = ∞.

A pair (V,W ) ∈ Gr(H)×Gr(H) is a Fredholm pair if V ∩W is finite dimensional and V +W
is finite codimensional. In this case, the number ind (V,W ) := dimV ∩W − codim(V +W ) is said
the Fredholm index of (V,W ). The space of Fredholm pairs, denoted by Fp(H), is an open subset
of Gr(H)×Gr(H), and the Fredholm index is a continuous (i.e. locally constant) function on it.

Let W ∈ Gr(H). A closed linear subspace V is a compact perturbation of W if the operator
PV −PW is compact. In this case, the pair (V,W⊥) is Fredholm, and its index is said the relative
dimension of V with respect to W , denoted by

dim(V,W ) := ind (V,W⊥) = dimV ∩W⊥ − dimV ⊥ ∩W.

If (V,W ) is a Fredholm pair and Z is a compact perturbation of V , then (Z,W ) is still a Fredholm
pair, and its index is

(49) ind (Z,W ) = ind (V,W ) + dim(Z, V ).

3.3 Finite dimensional intersections

Let M be a smooth Hilbert manifold, and let X be a C1 Morse vector field on M , with local
flow φ : Ω(X) → M . We shall always assume that X has a Lyapunov function f . In view of
Remark 1.21 (ii), we shall assume that f ∈ C2(M) and that it is a non-degenerate Lyapunov
function, meaning that for every x ∈ rest (X) the quadratic form ξ 7→ D2f(x)[ξ, ξ] is coercive on
Es(∇X(x)), while ξ 7→ −D2f(x)[ξ, ξ] is coercive on Eu(∇X(x)).

Let V be a smooth sub-bundle of TM , and let P be a projector onto V: P is a smooth section
of the bundle of endomorphisms of TM such that for every p ∈M , P(p) ∈ L(TpM) is a projector
onto V(p). We shall assume the following compatibility conditions between X and V:

(C1) for every x ∈ rest (X), the positive eigenspace Eu(∇X(x)) of the Jacobian of X at x is a
compact perturbation of V(x);

(C2) for every p ∈M , the operator (LXP)(p)P(p) is compact.
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Here LXP denotes the Lie derivative of P along X. By (C1), we can define the relative Morse
index of the rest point x with respect to V to be the integer

m(x,V) := dim(Eu(∇X(x)),V(x)).

Condition (C2) depends only on the sub-bundle V, and not on the choice of the projector P
onto it. Notice that the sub-bundle V is φ-invariant (in the sense that D2φ(t, p)V(p) = V(φ(t, p))
for every (t, p) ∈ Ω(X)) if and only if (LXP)P = 0. Condition (C2) is equivalent to the fact
that V is φ-essentially invariant: D2φ(t, p)V(p) is a compact perturbation of V(φ(t, p)), for every
(t, p) ∈ Ω(X). When M is an open subset of the Hilbert space H, and V is a constant sub-bundle
V ≡ V ∈ Gr(H), so that we can choose P ≡ PV , there holds

(50) (LXP)P = [DX,PV ]PV = (I − PV )DXPV .

These assumptions have the following consequence.

3.2 Proposition. Assume that the Morse vector field X satisfies (C1) and (C2) with respect to
the sub-bundle V. Then for every x ∈ rest (X):

(i) for every p ∈Wu(x), TpWu(x) is a compact perturbation of V(p), with

dim(TpWu(x),V(p)) = m(x,V);

(ii) for every p ∈W s(x), the pair (TpW s(x),V(p)) is Fredholm, with

ind (TpW s(x),V(p)) = −m(x,V).

So loosely speaking, Wu(x) is essentially parallel to V, while W s(x) is essentially normal to V.
Let us sketch the proof of the first claim in a simpler case: we assume that M is an open set

of the Hilbert space H, and that V ≡ V ∈ Gr(H) is a constant sub-bundle. Let p ∈ Wu(x), and
let u(t) := φ(t, p) be the orbit of p. By linearization along u, using the notation of section 1.2, we
have that

(51) TpW
u(x) = Wu

A,

where A(t) := DX(u(t)). By (C1), W := TxW
u(x) = Eu(A(−∞)) is a compact perturbation of

V . By (C2), the operator [A(t), PV ]PV is compact for every t, and so is the operator [A(t), PW ]PW .
Set

B(t) := A(t)− [A(t), PW ]PW ,

so that B(−∞) = A(−∞) = DX(x), Eu(B(−∞)) = W , and B(t)W ⊂W for every t. These facts
easily imply that Wu

B = W . On the other hand, since A(t)−B(t) is compact for every t, Wu
A is a

compact perturbation of Wu
B = W , hence of V . By (51), TpWu(x) is a compact perturbation of

V . The formula for its relative dimension with respect to V follows by continuity.
The proof of claim (ii) is simpler. Since the set of Fredholm pairs is open and the index is locally

constant, by (C1) the pair (TpW s(x),V(p)) is Fredholm of index −m(x,V) for every p ∈ W s(x)
in a neighborhood of x. The tangent bundle TW s(x) is φ-invariant, and by (C2) the sub-bundle
V is φ-essentially invariant, so these facts remain true for every p ∈W s(x).

By (49), Proposition 3.2 has the following easy corollary.

3.3 Corollary. Assume that the Morse vector field X satisfies (C1) and (C2) with respect to the
sub-bundle V. Let x, y ∈ rest (X), and assume that Wu(x) and W s(y) meet transversally. Then
Wu(x) ∩W s(y) is a submanifold of dimension m(x,V)−m(y,V).
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We conclude this section by sketching the proof of Theorem 3.1. By the already mentioned
embedding theorem of Eells and Elworthy [EE70], we can embed M as an open subset of the
separable Hilbert space H. By modifying this embedding near the critical points of f , and by
using the Morse Lemma (see for instance [Pal63]), we may assume that f is quadratic near every
critical point x:

f(x+ ξ) = f(x) +
1
2
〈A(x)ξ, ξ〉, for |ξ| small,

for some self-adjoint invertible operator A(x). Fix a closed linear subspace V of H, with infinite
dimension and codimension. By a further modification of the embedding, we may also rotate small
neighborhoods of the critical points in such a way that the negative eigenspace Es(A(x)) of the
operator A(x) is a compact perturbation of V , of relative dimension a(x). Here we actually need
to use Kuiper’s theorem [Kui65], stating the orthogonal group of H is contractible.

It is now easy to build a vector field X having f as a non-degenerate Lyapunov function, and
which satisfies (C1) and (C2) with respect to the constant sub-bundle V . Indeed, near a critical
point x one may choose X to be the linear vector field

(52) X(x+ ξ) = −∇f(x+ ξ) = −A(x)ξ, for |ξ| small.

Since the negative eigenspace of A(x) is a compact perturbation of V of relative dimension a(x),
X satisfies (C1) and x has relative Morse index m(x, V ) = a(x). The linear vector field X satisfies
also (C2). Indeed by (50),

(LXPV )PV = −(I − PV )A(x)PV = −PV ⊥PEs(A(x))A(x)PV − PV ⊥A(x)PEu(A(x))PV ,

and the operators PV ⊥PEs(A(x)) and PEu(A(x))PV are compact because Es(A(x)) is a compact
perturbation of V . If p ∈ M is not a critical point, we may choose X to be the constant vector
field X(p+ ξ) = −∇f(p), for every ξ so small that Df(p+ ξ)[−∇f(p)] < 0. Every constant vector
field trivially satisfies (C2) with respect to the constant sub-bundle V .

These local definitions of X can be patched together by a smooth partition of unity. In
this way one can build a vector field X satisfying (52) near critical points, so that (C1) holds.
The set of vector fields satisfying condition (C2) is a module over the ring of real functions, so
X satisfies (C2). Having f as a Lyapunov function is a convex condition, so f is a Lyapunov
function for X. Up to a small perturbation, we may assume that X also satisfies the Morse-
Smale condition. Then Corollary 3.3 implies that Wu(x) ∩W s(y) is a submanifold of dimension
m(x, V )−m(y, V ) = a(x)− a(y). The fact that X is actually the negative gradient of f near the
critical points makes it possible to find a metric g on M such that X = −∇gf .

We refer to [AM04] for details on how to keep g uniformly equivalent to a given metric, and
on how to obtain that Wu(xi) ∩W s(yi) is non-empty for every i = 1. . . . , k.

3.4 Essential sub-bundles

It is readily seen that if X satisfies (C1) and (C2) with respect to a sub-bundle V, then it satisfies
(C1) and (C2) also with respect to a sub-bundle W which at every point is a compact perturbation
of V. This fact suggests the possibility of weakening the structure, fixing only an essential sub-
bundle of TM .

In order to make this precise, we need to introduce the essential Grassmannians of a Hilbert
space. See again [AM03b] for a complete discussion. The essential Grassmannian of H is the
quotient of Gr(H) by the equivalence relation

{(V,W ) ∈ Gr(H)×Gr(H) | V is a compact perturbation of W} ,

and it is denoted by Gre(H). This space can also be seen as the space of symmetric projectors in
the Calkin algebra L(H)/Lc(H) (Lc(H) denotes the closed ideal of compact operators). Notice
that the finite dimensional and the finite co-dimensional spaces represent two points in Gre(H).
We shall actually be interested in the complementary Gr∗e(H) of these two points, that is in the
quotient of Gr∞,∞(H).
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The (0)-essential Grassmannian Gr(0)(H) is the quotient of Gr(H) by the stronger equivalence
relation

{(V,W ) ∈ Gr(H)×Gr(H) | V is a compact perturbation of W, and dim(V,W ) = 0} .

Again, Gr∗(0)(H) denotes the quotient of Gr∞,∞(H). The Bott periodicity theorem (see [Bot59]),
and the fact that the group of automorphisms ofH which are compact perturbations of the identity
is homotopy equivalent to the infinite general linear group GL(∞) = lim

→
GL(n) (see [Pal65]), allow

to determine the homotopy type of the essential Grassmannian, proving the following result.

3.4 Theorem. The quotient projection Gr∞,∞(H) → Gr∗(0)(H) is a fiber bundle with contractible
total space. The quotient projection Gr∗(0)(H) → Gr∗e(H) is a universal covering. The space
Gr∗e(H) is path connected, its fundamental group is infinite cyclic, and if i ≥ 2,

πi(Gr∗e(H)) ∼= πi−2(GL(∞)) =

 Z if i ≡ 1, 5 mod 8,
Z2 if i ≡ 2, 3 mod 8,
0 if i ≡ 0, 4, 6, 7 mod 8.

Since the tangent bundle of an infinite dimensional Hilbert manifold is always trivial (by the
already mentioned Kuiper’s theorem [Kui65]), a sub-bundle V of TM can be identified with a map
V : M → Gr(H). Similarly, an essential sub-bundle (respectively a (0)-essential sub-bundle) of
TM can be identified with a map E : M → Gre(H) (resp. E : M → Gr(0)(H)).

By Theorem 3.4, an essential sub-bundle E of TM can be lifted to a (0)-essential sub-bundle
if and only if the homomorphism

E∗ : π1(M) → π1(Gr∗e(H)) = Z

vanishes. A (0)-essential sub-bundle E of TM can be lifted to a true sub-bundle of TM if and
only if all the homomorphisms

E∗ : πi(M) → πi(Gr∗(0)(H))

vanish (a condition which has to be checked only for i ≡ 1, 2, 3, 5 mod 8).

If the vector field X satisfies (C1) and (C2) with respect to a (0)-essential sub-bundle E of
TM , then the relative Morse index m(x, E) can still be defined, and the conclusions of Proposition
3.2 and of Corollary 3.3 still hold (with the obvious changes).

If the vector field X satisfies (C1) and (C2) with respect to an essential sub-bundle, there is no
relative Morse index. In this case the transverse intersection Wu(x)∩W s(y) is finite dimensional,
but different components may have different dimension. More precisely, the dimension of the
connected component containing p depends on the homotopy class of the orbit of p, seen as a
curve from (R,−∞,+∞) into (M,x, y). It is actually possible to construct an example of a
gradient-like vector field on S1 ×H, which satisfies (C1) and (C2) with respect to a non-liftable
essential sub-bundle, and has two critical points x and y such that the intersection Wu(x)∩W s(y)
is transverse and consists of two connected components of different dimension.

3.5 Orientations

We recall that in the case of finite Morse indices, an arbitrary choice of the orientation of all
the unstable manifolds - or equivalently of the finite dimensional spaces TxWu(x) - determines
an orientation of each transverse intersection of unstable and stable manifolds. Now TxW

u(x) is
infinite dimensional, so it does not carry orientations. The right object to orient turns out to be
the Fredholm pair (TxW s(x),V(x)).

In order to deal with this question, we need to introduce the determinant bundle

Det(Fp(H)) → Fp(H)
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on the space of Fredholm pairs (see [AM03b] for more details). It is a real line bundle, whose fiber
at (V,W ) ∈ Fp(H) is

Det(V,W ) := Det(V ∩W )⊗ (Det(H/(V +W )))∗ ,

where Det(Z) := ΛdimZ(Z) denotes the space of top degree in the exterior algebra of the finite
dimensional vector space Z. Defining a bundle structure for this object is not immediate, because
the maps (V,W ) 7→ V ∩W and (V,W ) 7→ V +W are not continuous. We just mention the key
ingredients in the constructions. The intersection map (V,W ) 7→ V ∩ W is continuous on the
space of transverse pairs, while the sum (V,W ) 7→ V +W is continuous on the space of pairs with
intersection (0). Then the bundle structure near a Fredholm pair (V0,W0) can be constructed by
fixing a finite dimensional space Z such that Z+V0 +W0 = H and Z ∩V0 = (0), and by replacing
each pair (V,W ) in a neighborhood of (V0,W0) by (Z + V,W ). Such a replacement turns out to
be possible because of the existence of an exact sequence

0 → V ∩W → (Z + V ) ∩W → Z → H

V +W
→ 0.

We recall that an exact sequence of finite dimensional vector spaces

0 → Z1 → · · · → Zk → 0

induces a natural isomorphism ⊗
i odd

Det(Zi) ∼=
⊗
i even

Det(Zi).

The space of Fredholm operators from H1 to H2, denoted by F(H1,H2) is “contained” in the
space of Fredholm pairs of H1 ×H2. Indeed, the operator A ∈ L(H1,H2) is Fredholm if and only
if the pair (graphA,H1 × (0)) ∈ Gr(H1 ×H2) × Gr(H1 ×H2) is Fredholm, and the index is the
same. The pull-back of the determinant bundle on Fp(H) by the map

F(H1,H2) → Fp(H1 ×H2), A 7→ (graphA,H1 × (0)),

is the determinant bundle on the space of Fredholm operators, as defined by Quillen in [Qui85].
Let n ∈ N, and let

Det(Grn,∞(H)) → Grn,∞(H)

be the real line bundle whose fiber at Z ∈ Grn,∞(H) is Det(Z). Let S be the set of all (Z, (V,W ))
in (⋃

n∈N
Grn,∞(H)

)
× Fp(H)

such that Z ∩ V = (0), and let Det(S) → S be the restriction to S of the tensor product of the
bundles

⋃
n∈N Det(Grn,∞(H)) and Det(Fp(H)). The map

S → Fp(H), (Z, (V,W )) 7→ (Z + V,W ),

is continuous, and can be lifted to a continuous morphism between the corresponding determinant
bundles:

S : Det(S) → Det(Fp(H)).

The construction of such a morphism is based on the exact sequence

0 → V ∩W → (Z + V ) ∩W → Z + V

V
∼= Z → H

V +W
→ H

Z + V +W
→ 0.
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The morphism S is associative, meaning that if Z and Y are finite dimensional linear subspaces
of H such that Z ∩ Y = (Z + Y ) ∩ V = (0), the diagram

Det(Y )⊗Det(Z)⊗Det(V,W ) id⊗S−−−−→ Det(Y )⊗Det(Z + V,W )

S⊗id

y yS
Det(Y + Z)⊗Det(V,W ) S−−−−→ Det(Y + Z + V,W )

commutes.
An orientation of a finite dimensional space Z can be defined as an orientation of the line

Det(Z); similarly, an orientation of the Fredholm pair (V,W ) is an orientation of the line Det(V,W ).
The morphism S allows to sum orientations: if (Z, (V,W )) ∈ S, the orientations of two objects
among

Z, (V,W ), (Z + V,W ),

determines an orientation of the other object.

Let us go back to the question of orienting the intersections between unstable and stable
manifolds. The assumption is that the vector field X satisfies (C1) and (C2) with respect to
a sub-bundle V of TM . By assumption (C1), the pair (TxW s(x),V(x)) is Fredholm, for every
x ∈ rest (X). Let us choose an orientation o(x) of such a Fredholm pair, for every rest point x, in
an arbitrary way.

Now let x, y be rest points such that Wu(x) and W s(y) have transversal intersection. Let
p ∈ Wu(x) ∩W s(y). By Proposition 3.2 (ii), the pair (TpW s(y),V(p)) is Fredholm. Choose a
closed complement V of Tp(Wu(x)∩W s(y)) in TpW s(y). By transversality, V is also a complement
of TpWu(x) in TpM . It is a general fact in this case that the backward evolution of V with respect
to the differential of the flow converges to TxW s(x):

lim
t→−∞

D2φ(t, p)V = TxW
s(x).

Therefore, the Fredholm pair (V,V(p)) inherits by continuity an orientation from the orientation
o(x) of (TxW s(x),V(x)). On the other hand, the Fredholm pair (TpW s(y),V(p)) inherits an
orientation from the orientation o(y) of (TyW s(y),V(y)). The last two objects among

Tp(Wu(x) ∩W s(y)), (V,V(p)), (Tp(Wu(x) ∩W s(y)) + V,V(p)) = (TpW s(y),V(p))

are then oriented, so they induce an orientation of the first space. The construction continuously
depends on p, hence it determines an orientation of Wu(x) ∩W s(y). We shall see in section 3.7
that the orientations defined here satisfy a suitable coherence property.

3.6 Compactness

In the case of finite Morse indices, we have seen that the (PS) condition together with the positive
completeness of X implies that Wu(x) ∩ {f ≥ a} is pre-compact. Now the unstable manifold is
infinite dimensional, so this cannot be true, but we can hope Wu(x) ∩W s(y) to be pre-compact.
However, assumptions (C1) and (C2) are not sufficient to get this result: Wu(x) ∩W s(y) may
consist, for instance, of infinitely many flow lines going from x to y, with no cluster points besides
x and y. We need strengthen condition (C2), a local assumption, into a more global condition.

We recall that that the Hausdorff distance of two subsets A,B of a complete metric space
(W,d) is the number

distH(A,B) := max
{

sup
a∈A

inf
b∈B

d(a, b), sup
b∈B

inf
a∈A

d(a, b)
}
∈ [0,+∞],

and that the Hausdorff measure of non-compactness of A is the number

βW (A) := inf {r > 0 | A can be covered by finitely many balls of radius r} ∈ [0,+∞],
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so that A is pre-compact if and only if βW (A) = 0. The function β is continuous with respect
to the Hausdorff distance. Moreover, βW (A) coincides with the Hausdorff distance of A from the
space of compact subsets of W :

(53) βW (A) = inf {distH(A,K) | K ⊂W compact} .

In the case of a normed vector space W , β has also the following properties:

(54) βW (λA) = |λ|βW (A), βW (A+B) ≤ βW (A) + βW (B), βW (conv(A)) = βW (A).

Let E be an essential sub-bundle of TM , different from the trivial essential sub-bundles [(0)] and
[TM ]. We shall assume that E admits a global presentation: there exists a smooth mapQ : M → N
into a Hilbert manifold such that for every p ∈ M , DQ(p) has finite codimensional range, and
kerDQ(p) belongs to the equivalence class E(p). For instance, E could be the equivalence class of
a sub-bundle which is the vertical space of a submersion Q.

We shall assume that N is endowed with a complete Riemannian metric, and we shall consider
the induced metric on TN . The new assumption on the vector field X is:

(C3) (i) ‖DQ ◦X‖∞ < +∞;

(ii) for every q ∈ N there exists δ = δ(q) > 0 and c = c(q) ≥ 0 such that

βTN (DQ(X(A))) ≤ c βN (Q(A)) ∀A ⊂ Q−1(Bδ(q)).

Let us restate this condition in a simple situation: assume that M is an open set of the Hilbert
space H, and that E is the equivalence class of a constant sub-bundle V ∈ Gr(H). Then we can
choose the global presentation to be the orthogonal projector onto W := V ⊥, Q := PW . Denote
by (XV , XW ) be the two components of X with respect to the orthogonal splitting H = V ⊕W .
Condition (C3)-(i) says that XW is bounded, while (C3)-(ii) is equivalent to: for every ξ ∈ W
there exist δ > 0 and c ≥ 0 such that

(55) βW (XW (A)) ≤ c βW (PWA) ∀A ⊂M ∩ (V × (Bδ(ξ) ∩W )).

In particular, if A ⊂M is such that PWA is pre-compact, then also XW (A) = PWX(A) is required
to be pre-compact. Thus, for every ξ ∈ M the map η 7→ (I − PV )X(ξ + PV η) is a compact map
in a neighborhood of 0. Therefore, the differential of this map at 0, namely

(I − PV )DX(ξ)PV = (LXPV )(ξ)PV

is compact. Hence (C3) implies (C2): the simple situation - M ⊂ H, E constant, Q projector
- in which we have checked this fact is indeed the general local situation, and (C2) is a local
assumption.

Notice that in general (55) is strictly stronger than the fact that for every ξ ∈W , XW should
map (ξ+V )∩M into a pre-compact set, because (55) involves a Lipschitz control on the measure
of non-compactness. However, these conditions are equivalent under a mild Lipschitz assumption
on X. See [AM03b], Proposition 7.9, for a precise statement (in the case of a general map Q).
The main result of this section is the following compactness theorem.

3.5 Theorem. Let E be an essential sub-bundle of TM with a global presentation Q : M → N
into a complete Riemannian Hilbert manifold. Assume that the Morse vector field X is complete,
has a non-degenerate Lyapunov function f , (X, f) satisfies (PS). Assume also that X satisfies
(C1)-(C3). Then for every pair of critical points x, y, the intersection Wu(x) ∩ W s(y) is pre-
compact.

Let us sketch the proof. It is useful to introduce the following notion: a subset A ⊂M is said
essentially vertical if Q(A) is pre-compact. The proof is then based on the following steps:

(i) if A is essentially vertical and t ≥ 0, then φ([0, t]×A) is essentially vertical;
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(ii) each local unstable manifold Wu
loc,r(x) is essentially vertical;

(iii) each local stable manifold W s
loc,r(x) has pre-compact intersection with every essentially ver-

tical subset.

Let us prove (i) under the simplifying assumption that the target of the map Q is a Hilbert space
E, and that the constants appearing in condition (C3)-(ii) are uniform: c does not depend on q,
and we can take δ = +∞. So (C3)-(ii) becomes

(56) βE(DQ(X(B))) ≤ cβE(Q(B)) ∀B ⊂M.

Let A ⊂M be an essentially vertical set, that is βE(Q(A)) = 0. Since Q takes value in a Hilbert
space, there holds

Q(φ(t, p)) = Q(p) + t · 1
t

∫ t

0

DQ(φ(s, p))[X(φ(s, p))] ds,

from which we deduce that

Q(φ([0, t]×A)) ⊂ Q(A) + [0, t] conv(DQ(X(φ([0, t]×A))).

Then, by the properties (53) of the measure of non-compactness β and by (56),

βE(Q(φ([0, t]×A))) ≤ βE(Q(A)) + t βE(conv(DQ(X(φ([0, t]×A))))
= t βE(DQ(X(φ([0, t]×A)))) ≤ tc βE(Q(φ([0, t]×A)).

By the above inequality, βE(Q(φ([0, t]×A))) vanishes for every t < 1/c, and by iteration, for every
t ≥ 0. This proves (i).

Since (ii) and (iii) are local statements, we may assume that the rest point x is the origin
of the Hilbert space H, and that Q is the orthogonal projector with kernel V , a constant local
representative of the essential sub-bundle E . By (C1), Eu := Eu(∇X(0)) is a compact perturbation
of V . This fact easily implies that a bounded set A ⊂ H is essentially vertical if and only if
its projection P sA on Es := Es(∇X(0)) is pre-compact. In particular, the graph of a map
σ : Eu(r) → Es(r) is essentially vertical if and only if the map σ is compact. So (ii) can be
restated by saying that the map σu : Eu(r) → Es(r) whose graph is the local unstable manifold
(see Theorem 1.12) is compact. By the graph transform method (see [Shu87], chapter 5), σu is
the fixed point of the contraction F , mapping every 1-Lipschitz map σ ∈ Lip1(Eu(r), Es(r)) into
the map F (σ) ∈ Lip1(Eu(r), Es(r)), whose graph is the φ-evolution at time 1 of the graph of
σ, intersected with Eu(r) × Es(r). So claim (i) implies that the contraction F maps the closed
non-empty subspace of compact maps into itself, hence the fixed point σu is a compact map,
proving (ii). Claim (iii) is an immediate consequence of the fact that W s

loc,r(x) is the graph of a
continuous map σs : Es(r) → Eu(r).

Let us see how claims (i), (ii), and (iii) allow to conclude, in the case in which there are no
rest points in the strip where f(y) < f(p) < f(x). Let (pn) ⊂ Wu(x) ∩W s(y). We must prove
that (pn) has a converging subsequence. We can assume that x and y are not limit points of (pn).
Then we can find sn < 0 < tn such that

φ(sn, pn) ∈Wu
loc,r(x) ∩ {f = f(x)− ε}, φ(tn, pn) ∈W s

loc,r(y) ∩ {f = f(y) + ε},

for some small ε > 0. The fact that the are no rest points in the strip {f(y) < f < f(x)} implies
that (tn − sn) is bounded: otherwise by Remark 2.1, we could find a sequence rn ∈ [sn, tn] such
that (Df(φ(rn, pn))[X(φ(rn, pn))]) tends to zero, and by (PS) the sequence (φ(rn, pn)) would have
a subsequence converging to a rest point in the strip {f(y) + ε ≤ f ≤ f(x)− ε}, a contradiction.
By claim (ii), the set {φ(sn, pn) | n ∈ N} is essentially vertical. By claim (i) and by the fact that
(tn − sn) is bounded, also the set {φ(tn, pn) | n ∈ N} is essentially vertical. But the latter set
is contained in the local stable manifold of y, so by claim (iii) it is pre-compact. Since (tn) is
bounded, also the sequence (pn) is compact.

In the general case, one needs the following stronger versions of (ii) and (iii): there exist
arbitrarily small neighborhoods U of the rest point x such that if (pn) converges to x then:
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(ii’) if tn ≥ 0 and φ(tn, pn)∂U then the set {φ(tn, pn) | n ∈ N} is essentially vertical;

(iii’) if sn ≤ 0 and φ(sn, pn)∂U then the set {φ(sn, pn) | n ∈ N} has compact intersection with
any essentially vertical subset.

The proof of (ii’) and (iii’) makes use of Proposition 1.17. Then a combination of the argument
shown above and the argument in the proof of Theorem 2.2 (ii) allows to conclude the proof of
Theorem 3.5.

3.6 Remark. The requirement that the essential sub-bundle E should have a global presentation
can be weakened, by replacing the map Q by a suitable family of maps Qi : Mi → Ni, i ∈ I, where
{Mi}i∈I is an open covering of M . Besides allowing more general essential sub-bundles, this fact
has also the advantage of localizing even more the constants appearing in assumption (C2)-(ii).

3.7 Two-dimensional intersections

Assume that the Morse vector field X is complete, has a non-degenerate Lyapunov function f ,
and that (X, f) satisfies (PS). Assume also that X satisfies (C1)-(C3) with respect to a sub-bundle
V of TM . In analogy with the finite indices case, we shall say that X satisfies the Morse-Smale
property up to order k ∈ Z if Wu(x) meets W s(y) transversally whenever m(x,V)−m(y,V) ≤ k.

Let us study what happens when the Morse-Smale condition up to order 2 holds, and x, z are
rest points with m(x,V) − m(z,V) = 2. Let W be a connected component of Wu(x) ∩W s(z).
It is a two-dimensional manifold, and R acts freely on it. Therefore W/R is a connected one-
dimensional manifold, that is it is either a circle or an interval. In the first case, it is easy to see
that W = W ∪ {x, z} is a two-dimensional sphere, and the restriction of φ to W is topologically
conjugated to the exponential flow on the Riemann sphere S2 = C ∪ {∞},

R× S2 3 (t, ζ) 7→ etζ ∈ S2.

We shall be more interested in the second case, in which W is the union of W and two “broken
orbits”, with exactly one intermediate rest point. More precisely, the situation is described by the
following theorem.

3.7 Theorem. Assume that the Morse vector field X is complete, has a non-degenerate Lyapunov
function f , and that (X, f) satisfies (PS). Assume also that X satisfies (C1)-(C3) with respect to
a sub-bundle V of TM , and has the Morse-Smale property up to order 2. Let x, y be rest points
with m(x,V) − m(z,V) = 2, and let W be a connected component of Wu(x) ∩W s(z) such that
W/R is an interval. Then restriction of the flow φ to W is topologically conjugated to the product
of two shift flows on R: there exists a continuous surjective map

h : R× R→W

with the following properties:

(i) φ(t, h(u, v)) = h(u+ t, v + t) for every (u, v) ∈ R× R, t ∈ R;

(ii) h(R2) = W , and there exist rest points y, y′ with m(y,V) = m(y′,V) = m(x,V)−1, and W1,
W2, W ′

1, W
′
2 connected components of Wu(x) ∩W s(y), Wu(y) ∩W s(z), Wu(x) ∩W s(y′),

Wu(y′) ∩W s(z), respectively, such that W1 ∪W2 6= W ′
1 ∪W ′

2, and

h(R× {−∞}) = W1, h({+∞}× R) = W2, h({−∞} × R) = W ′
1, h(R× {+∞}) = W ′

2.

(iii) the restrictions of h to R2, to {±∞} × R, and to R× {±∞}, are diffeomorphisms;

(iv) denoting by deg the Z-topological degree, referred to the orientations defined in section 3.5,
there holds

deg h = −deg h|{−∞}×R · deg h|R×{+∞} = deg h|R×{−∞} · deg h|{+∞}×R.
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When y 6= y′, h is injective, so it is a conjugacy. When y = y′, it may happen that W1 = W ′
1,

or that W2 = W ′
2, but these identities cannot hold simultaneously. Statement (iv) expresses a

form of coherence of the orientations defined in section 3.5.
Let us describe the main idea in the construction of h. By compactness and transversality,

we can find a “broken orbit” in the closure of W , with exactly one intermediate rest point y of
relative Morse index m(y,V) = m(x,V)− 1. Let W1 and W2 be the corresponding components of
Wu(x)∩W s(y) and Wu(y)∩W s(z). Let p ∈W1, and let q ∈W2. Let A be a small hyper-surface
in Wu(x) meeting W s(y) transversally at p, and let B be a small hyper-surface in W s(z) meeting
Wu(y) transversally at q. Consider a neighborhood U of y of the form U = Euy (r)×Esy(r), where r
is so small that the local stable manifold of y is the graph of a θ-Lipschitz map σs : Esy(r) → Euy (r),
while the local unstable manifold of y is the graph of a θ-Lipschitz map σu : Euy (r) → Esy(r), for
some θ < 1. The forward evolution of A eventually intersects U in the graph of a θ-Lipschitz map
from Euy (r) to Esy(r): there is t0 ≥ 0 such that for every t ≥ t0

φ({t} ×A) ∩ U = graphαt : Euy (r) → Esy(r), lip (αt) ≤ θ,

and ‖αt − σu‖∞ → 0 for t→ +∞. Similarly, for every t ≤ −t0,

φ({t} ×B) ∩ U = graphβt : Esy(r) → Euy (r), lip (βt) ≤ θ,

and ‖βt − σs‖∞ → 0 for t → −∞. Let u ≥ t0 and v ≤ −t0. Since lip (αu) ≤ θ < 1 and
lip (βv) ≤ θ < 1, the graphs of αu and of βv intersect in exactly one point, and we can define
h(u, v) as

h(u, v) := (graphαu) ∩ (graphβv).

This defines h in a neighborhood of (+∞,−∞). See [AM03b], section 11, for a complete proof.

An analogous argument allows to prove the following result.

3.8 Proposition. Let x, y, z be rest points such that m(x,V) = m(y,V) + 1 = m(z,V) + 2,
and let W1, W2 be connected components of Wu(x) ∩W s(y), Wu(y) ∩W s(z), respectively. Then
there exists a unique connected component W of Wu(x)∩W s(z) such that W1 ∪W2 belongs to the
closure of

{
φ(R× {p}) | p ∈W

}
with respect to the Hausdorff distance.

3.8 The Morse complex

We now dispose of all the ingredients to build the Morse complex. The assumptions are that the
Morse C1 vector field X on the Hilbert manifold M is complete, satisfies (C1)-(C3) with respect to
a sub-bundle V of TM , with a global presentation Q : M → N , that X satisfies the Morse-Smale
condition up to order 2, has a non-degenerate Lyapunov function f ∈ C2(M), and that the pair
(X, f) satisfies (PS).

For any k ∈ Z, denote by restk(X) the set of rest points x of X of relative Morse index
m(x,V) = k, and let Ck(X) be the free Abelian group generated by restk(X). Assume the
following finiteness condition:

(C4) for every k ∈ Z, f is bounded below on restk(X).

For every rest point x, we fix an orientation of the Fredholm pair (TxW s(x),V(x)) in an
arbitrary way. This choice induces an orientation of all the intersections Wu(x) ∩ W s(y), for
m(x,V)−m(y,V) ≤ 2.

Let x, y be rest points of X with m(x,V) − m(y,V) = 1. Then Wu(x) ∩ W s(y) is a 1-
dimensional manifold with a free action of R, that is it is the union of the orbits of a discrete
set of points. By Theorem 3.5 and by transversality, Wu(x) ∩W s(y) is compact: otherwise we
could find a sequences of orbits in Wu(x) ∩W s(y) converging to a “broken orbit” from x to y,
with at least one intermediate rest point, violating the Morse-Smale condition (up to order 0).
Therefore, Wu(x) ∩W s(y) consists of finitely many orbits Wi, i = 1, . . . , h, each of which can be
given a sign ε(Wi) ∈ {+1,−1} depending on whether the direction of X agrees or does not agree
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with the orientation of Wi. In other words, if Wi = φ(R × {p}), ε(Wi) is the degree of the map
φ(·, p) : R→Wi. We define the integer n(x, y) as

n(x, y) =
h∑
i=1

ε(Wi).

By assumption (C4), we can define a homomorphism ∂k : Ck(X) → Ck−1(X) generator-wise, as

∂kx =
∑

y∈restk−1(X)

n(x, y) y, ∀x ∈ restk(X).

The results of section 3.7 imply that these homomorphisms are boundary operators.

3.9 Proposition. For every k ∈ Z, ∂k−1 ∂k = 0.

Proof. Let x and z be rest points with m(x,V) − m(z,V) = 2, and let S(x, z) be the set of
“broken orbits” from x to z with exactly one intermediate rest point, necessarily of relative index
m(z,V) + 1. By compactness and transversality, S(x, z) is a finite set. By Proposition 3.8, for
every element W1 ∪W2 of S(x, z) there is a unique connected component W of Wu(x) ∩W s(y)
such that W1 ∪W2 belongs to the closure of

{
φ(R× {p}) | p ∈W

}
with respect to the Hausdorff

distance. By Theorem 3.7, the closure of W contains exactly one other element W ′
1∪W ′

2, different
from W1 ∪W2. So there is an involution W1 ∪W2 7→ W ′

1 ∪W ′
2 on S(x, z), without fixed points,

and by Theorem 3.7 (iv),

(57) ε(W ′
1)ε(W

′
2) = −ε(W1)ε(W2).

If m(x,V) = k, the coefficient of z in ∂k−1 ∂kx is the number∑
y∈restk−1(X)

n(x, y)n(y, z) =
∑

W1∪W2∈S(x,z)

ε(W1) ε(W2),

which is zero by (57).

Therefore, the Abelian groups Ck(X) and the homomorphisms ∂k, for k ∈ Z, are the data of
a chain complex, called the Morse complex of X. The construction depends on the choice of the
sub-bundle V, and on the choice of the orientations of (TxW s(x),V(x)). Replacing the sub-bundle
V by a compact perturbations produces a shift in the indices, equal to the relative dimension of
the compact perturbation. A change of the orientations produces an isomorphic chain complex,
the isomorphism being actually an involution.

When the conditions (C1)-(C3) hold only with respect to a (0)-essential sub-bundle, there is
no orientation theory available, and the above construction produces a chain complex of Z2-vector
spaces.

Bibliographical note

The Morse complex approach for compact manifolds When M is a compact manifold
and X is the negative gradient flow of a smooth function, the relations (36) were proved by Morse
in his [Mor25], see also [Mor34, Mor47]. A classical reference for Morse theory is Milnor’s book
[Mil63]. See also the review papers by Bott [Bot82, Bot88].

The dynamical system point of view arose after the seminal work of Smale, see [Sma60, Sma61]
and the beautiful foundational paper [Sma67], and it immediately had influences in topology,
see Milnor’s book on the h-cobordism theorem [Mil65]. In this framework, one can consider
Morse-Smale flows, which are dynamical systems more general than gradient-like flows since they
may have periodic orbits. The connection between Morse theory for Morse-Smale flows and the
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homotopy of the underlying manifold has been further clarified by Franks [Fra79], see also his
lecture notes [Fra80].

Interpreting the boundary homomorphism of a cellular filtration in terms of an algebraic count
of the gradient flow lines connecting critical points of index difference 1, was already implicit in
a paper by Thom [Tho49], who however did not clarify the conditions required on the gradient
flow. This interpretation was pointed out by Witten in his [Wit82], where it is deduced quite
indirectly from a relationship between Morse theory and certain deformations of the Laplace-
Beltrami operator. The first explicit construction of the Morse complex is due to Floer [Flo89],
see also [Sal90]. Floer’s proof makes use of Conley index theory, a general and powerful method
to decompose a dynamical system into simpler invariant sets, see [Con78, CZ84], and Salamon’s
exposition [Sal85].

Weber’s Master thesis [Web93] contains a self-contained and concise construction of the Morse
complex, by dynamical systems techniques (see also [Web04]). A systematic study of the Morse
complex of a function as a tool to build a homology theory which satisfies the Eilenberg-Steenrod
axioms can be found in Schwarz’s book [Sch93]. Here the methods are closer to those used in
Floer homology. The isomorphism with the singular homology is deduced by the fact that all
the homology theories which satisfy the Eilenberg-Steenrod axioms are equivalent on compact
CW -complexes. A more direct proof of this isomorphism, still in this spirit, can be obtained by
interpreting singular homology theory in terms of pseudo-cycles, see [Sch99].

The dynamical system point of view is at the basis of Harvey and Lawson’s approach to Morse
theory in terms of the de Rham-Federer theory of currents [HL01]. The idea is to construct a
chain map from the complex of smooth differential forms to the complex of currents, by taking
the limit for t→ +∞ of the pull-back of a differential form by the flow φ(t, ·). Such a chain map is
chain homotopic to the inclusion, and it is a retraction onto the sub-complex of currents spanned
by the stable manifolds of the flow. The cohomology of such a sub-complex is then isomorphic to
the de Rham cohomology of the manifold, a result which implies the Morse relations (36).

Infinite dimensional Morse theory. Morse theory for C2 functions on Hilbert manifolds
was developed by Palais [Pal63] and Smale [Sma64a, Sma64b]. The Palais-Smale condition was
introduced in these papers. This version of Morse theory has been extensively used in the study of
geodesics, see the books of Klingenberg [Kli78, Kli82]. The first of these references contains also
a description of the cellular complex approach to infinite dimensional Morse theory, in the case
of self-indexing functions. A complete presentation of infinite dimensional Morse theory including
many applications to differential equations can be found in the books by Mawhin and Willem
[MW89], and by Chang [Cha93].

Morse theory in the case of infinite Morse indices. In simple situations, functions with
critical points of infinite Morse index and co-index can be studied by taking finite dimensional ap-
proximations. See, for instance, [Cha81, CZ83, CZ84, Cha93, Abb01]. Another way of overcoming
the lack of rigidity due to the presence of critical points of infinite Morse index and co-index is
to restrict the class of admissible deformations to more rigid classes, as in [BR79, Rab86]. In the
same spirit, a Morse theory for special classes of functions on a Hilbert space has been introduced
by Szulkin [Szu92], and further refined by [Abb97, KS97, GIP99, Abb00, Izy01]. The idea is to de-
velop a generalized cohomology theory, which satisfies all the Eilenberg-Steenrod axioms except the
dimension axiom. This axiom is replaced by the requirement that suitable infinite dimensional
spheres should have non-trivial cohomology. These generalized cohomologies will be functorial
only with respect to restricted classes of continuous maps (the infinite dimensional sphere is con-
tractible), and it is possible to develop a Morse theory for functions whose gradient flow belongs
to such a class.

The idea of forgetting about the whole ambient space and looking only at the gradient flow
lines connecting critical points is due to Floer, who applied it to a Cauchy-Riemann type equation
which does not even produce a local flow (so the framework is quite different from the setting of
these notes). See [Flo88a, Flo88b, Flo88c, Flo89], and the expository paper [Sal99]. Angenent
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and van der Vorst [AvdV99] have used this approach to study the gradient flow of a function
associated to a class of elliptic systems. A complete study of the Morse complex approach in
the case of functions on a Hilbert space consisting of a compact perturbation of a non-degenerate
quadratic form has been carried on by the authors in [AM01]. The results of [AM03b] summarized
in the third part of these notes, allow a much more general setting.

There is a large literature about the Hilbert Grassmannian, and related constructions. In
particular, the space of all compact perturbations of an infinite dimensional and co-dimensional
closed linear subspace is called restricted Grassmannian by some authors (although sometimes this
term is reserved for Hilbert-Schmidt perturbations). See for instance [Sat81, SW85, PS86, Gue97,
Arb02]. The role of these objects in the homotopy theory underlying Floer homology is discussed
in [CJS95].
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[Poz91] M. Poźniak, The Morse complex, Novikov cohomology and Fredholm theory, preprint
University of Warwick, 1991.

[PS86] A. Pressley and G. Segal, Loop groups, Oxford University Press, Oxford, 1986.

[Qui85] D. Quillen, Determinants of Cauchy-Riemann operators over a Riemann surface, Func-
tional Anal. Appl. 19 (1985), 31–34.

[Rab86] P. H. Rabinowitz, Minimax methods in critical point theory with applications to dif-
ferential equations, CBMS Regional Conference Series in Mathematics, vol. 65, Amer.
Math. Soc., Providence, R.I., 1986.

[Sal85] D. Salamon, Connected simple systems and the Conley index of isolated invariant sets,
Trans. Amer. Math. Soc. 291 (1985), 1–41.

[Sal90] D. Salamon, Morse theory, the Conley index and Floer homology, Bull. London Math.
Soc. 22 (1990), 113–140.

54



[Sal99] D. Salamon, Lectures on Floer homology, Symplectic geometry and topology (Y. Eliash-
berg and L. Traynor, eds.), IAS/Park City Mathematics Series, Amer. Math. Soc., 1999,
pp. 143–225.

[Sat81] M. Sato, Soliton equations as dynamical systems on an infinite dimensional Grassman-
nian manifold, Kokyuroku, Res. Inst. Math. Sci. Kyoto Univ. 439 (1981), 30–46.

[Sch93] M. Schwarz, Morse homology, Birkhäuser, Basel, 1993.
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