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Introduction

These lectures consist of three parts. In the first one we review some results about the dynamics of
differentiable flows with hyperbolic rest points, in a Banach space setting. In particular, we prove
the local stable manifold theorem, the Grobman-Hartman linearization theorem, and we describe
the global stable and unstable manifolds in the case of a flow admitting a Lyapunov function.

In the second part we study the Morse complex of gradient-like flows on Banach manifolds,
assuming that all the rest points have finite Morse index. We introduce this chain complex as the
cellular chain complex of a suitable cellular filtration of the underlying manifold M. In particular,
the homology of the Morse complex is isomorphic to the singular homology of M (or to the
singular homology of the pair (]\/4\ ,A), in the relative case, in which we consider a gradient like
flow on M. , with a positively invariant open set A, and we consider the rest points in M = M \ A
in the construction of the Morse complex). Then we describe the chain boundary operator in
terms of the intersection numbers of the unstable and stable manifolds of pairs of rest points with
index difference equal to 1. Finally, we specialize the analysis to the negative gradient flow of a
Morse function on a Riemannian Hilbert manifold. In this case, we prove that the Morse-Smale
transversality assumption holds for generic perturbations of the metric, and that the isomorphism
class of the Morse complex does not depend on the metric. These results provide an alternative
approach to infinite dimensional Morse theory, as developed by Palais and Smale in the sixties,
see [Pal63, Sma64a, Sma64b].

The third part is an exposition of recent results by the authors (see [AMO03b]) about the Morse
complex approach for gradient-like flows whose rest points have infinite Morse index and co-index.
The framework is that of a Hilbert manifold M with a fixed infinite dimensional and co-dimensional
sub-bundle V of the tangent bundle. When the gradient-like flow satisfies suitable compatibility
conditions with respect to V, each rest point « can be given a relative Morse index m(z, V), and
the unstable and stable manifolds of pairs of critical points z,y intersect in submanifolds of finite
dimension m(z,V) — m(y,V). The study of the Hilbert Grassmannian, and in particular of the
determinant bundle on the space of Fredholm pairs of subspaces of a Hilbert space, allow to prove
that these intersections carry coherent orientations. Finally, suitable integrability assumptions on
V), together with compactness assumptions on the flow, imply that the above intersections have
compact closure in M. These facts allow to define the Morse complex.

The first two parts contain fairly detailed proofs of all the statements, most of which - especially
in the second part - are folklore results, for which we could not find appropriate reference in the
literature. The style of the third part is different: proofs are only sketched, or given in a simplified
framework. We refer to [AMO03b] for a more complete presentation.

1 A few facts from hyperbolic dynamics

1.1 Adapted norms

Let F be a real Banach space. A bounded linear operator L on E is said hyperbolic if its spectrum
does not meet the imaginary axis': o(L)NiR = (. In this case, the decomposition of the spectrum
of L into the disjoint closed subsets o™ (L) = o(L) N{Rez > 0} and 6~ (L) = (L) N {Rez < 0}
induces the splitting F = E* @ E® into L-invariant closed linear subspaces, such that o(L|g«) =
o (L) and o(L|gs) = o~ (L), with projectors P* = X(Re-.>0}(L), P* = X{Re-<0}(L). The spaces
E* = E%(L) and E° = E*(L) are often called the positive (or unstable) and the negative (or stable)
eigenspaces of L (although they may not consist of eigenvectors).
An L-adapted norm is an equivalent norm || - || on E such that:

(1) 1€]] = max{[[P“&]], [| P[]}, V€ € E,

1In the framework of discrete dynamical systems, a hyperbolic operator is a bounded operator whose spectrum
does not meet the unit circle. In that context, an operator L satisfying o(L)NiR = () should be called infinitesimally
hyperbolic.



and there is A > 0 such that for every t > 0

2) leell < e ¢ll v e B, [le™ gl < el v € B
As a consequence, also

3) le™ el > e el Ve € E°,  letFe]l > Ml Ve € B,

for every t > 0. Such an adapted norm exists. Actually, for every A in the interval ]0, min |Re o(L)|[
there is a norm || - || satisfying (1), (2), and (3). The construction is based on the following lemma,
applied to L|gs and to —L

Eu.

1.1 LEMMA. Let L be a bounded operator on the Banach space (E.| - |lo), and let X be a real
number such that A > maxReo(L). Then there exists a norm || - || on E equivalent to || - ||o such
that ||etF€|| < e €| for every & in E and t > 0.

Proof. Up to replacing L by L — A\I, we may assume that A = 0, so o := max Re o(L) is negative,
and we must find an equivalent norm || - || for which [|etL¢| < ||€]|, for every ¢ € E and t > 0.
Still denoting by || - ||o the operator norm induced by || - ||o, the spectral radius formula and the
spectral mapping theorem imply

1/t
et |1/

lim = max |o(e”)| = max eU(L)‘ =e* < 1.
t——+oo

Therefore, there exists ¢y > 0 such that ||e!X ||y < coe®t/? for every ¢t > 0, so

Foo tL 200
€]} = le*€llodt < —=li€llo V€ € E,
0

defines a norm on E not finer than || - [|p. On the other hand, by compactness |le "t < ¢; for
every t € [0,1], so
1
1
lel = [ lletelod = lelo ve € E,
0 €1
and the norm || - || is equivalent to || - ||o. Finally, for every ¢ > 0 and £ € E,
+oo +oo
el = [ et eods = [ etelods < el
0 t
concluding the proof. O

1.2 EXERCISE. Find an adapted norm for the hyperbolic operator on E = R? defined by the matriz

_( -t n
(04

where p € R, and draw the corresponding unit ball when y is large.

1.3 EXERCISE. Prove that if L is a normal operator on a Hilbert space H, that is L commutes
with its adjoint L*, then the Hilbert norm is L-adapted.

1.2 Linear stable and unstable spaces of an asymptotically hyperbolic
path

Let A : [0,400] — L(E) be a continuous path of bounded linear operators on the Banach space
E, such that A(+00) is hyperbolic. Let X4 : [0, +00[— L(FE) be the solution of the linear Cauchy

problem
{ X(t) = A(t)Xa(t),
Xa(0)=1.



1.4 EXERCISE. Prove that X 4(t) is an isomorphism for every t, and find a linear Cauchy problem
solved by its inverse.

The linear subspace of E
Wi = {§ o tlir+n XA(t)fzo}

is said the linear stable space of the asymptotically hyperbolic path A. Similarly, if A : [-o0,0] —
L(E) is a continuous path of operators such that A(—o0) is hyperbolic, the linear unstable space
of A is defined as

Wi = {£6E|tlim XA(t)gzO}.
1.5 EXERCISE. Prove that if A(t) = L is constant (and hyperbolic), then W5 = E*(L), the negative
eigenspace of L, and WY = E"(L), the positive eigenspace of L.

A consequence of the hyperbolicity of A(400) is that the linear subspaces W35 and WY are
closed and complemented in F, and they are isomorphic to E®*(A(400)) and to E“(A(—00)),
respectively. Indeed, one can prove that if A is close enough to A(400) in the L norm, then
W73 is the graph of a bounded operator from E*(A(+00)) to E¥(A(4+c0)). The statement for a
general asymptotically hyperbolic path A follows, because

Wi = Xa(t) "' Wiy

See for instance [AMO03c|, Proposition 1.2, for a complete proof (the case of a Hilbert space is
treated in that reference, but the proof in the Banach setting presents no difference).
Denote by C§ ([0, +oo|, E) the Banach space of all C* curves u : [0, +0o[— E such that

lim «™(t)=0 Vhe{0,1,...,k}.

t——+oo

1.6 PROPOSITION. Let A € C°([0, +o0], L(E)) be a path of bounded linear operators on the Banach
space E such that L = A(+00) is hyperbolic.

(i) The bounded linear operator
FT:Cy([0,400[, B) — CJ([0, +c[, E), ur u — Au,
is a left inverse. Moreover, Ff admits a right inverse R such that
(4) W5 + {R}iv(0) | v e CY([0,+oo, E), v(0) =0} = E.
(i) The evaluation map
ker Ff — E, uw u(0),
is a right inverse.

Proof. We endow E with a Banach norm || - || adapted to L.
(i) Let us start by considering the case of the constant path A(t) = L. By (2), the operator
valued piece-wise continuous function

G:R—L(E), G(t) = (La: ()P —1g (HP),

satisfies |G(t)|| < e=*I*l, in particular it is integrable on R. Let v € CJ([0, +oc[, E). Tt is readily

seen that the curve
—+o00

u(t) = (G *v)(t) = Gt — )v(r) dr

0
is continuously differentiable and solves the equation

(5) /(1) — Lu(t) = v(t).



Moreover, the inequality

(6) [u@®Il < NGl ®.ce) Vllos s, 4000 + Gl Lre-s i) [Vl
shows that u € CJ([0, +oo[, E), so by (5), u € C¢([0, +oc[, E). We conclude that the operator
Rp : C3([0, +00], E) = Co ([0, +00[, E), v = G xv,

is a right inverse of F;". Indeed, such a linear map is continuous by (5) and (6) with s = 0. Let
us check that the operator v — R} v(0) maps v € C°(]0, 400, E) onto E%; since E is a direct
complement of E* = W this implies that the right inverse R} satisfies (4). Let ¢ be a smooth
real function with supp ¢ CJ0, +00[ so small that the operator

+oo
= e "L dr
U ._/0 (1) dr € L(E)

is an isomorphism. The operator U preserves the splitting £ = E* ¢ E°. If £ € E“, setting
v = —U ¢, there holds

R+U(O):/+OO6TLP“ (MU ¢dr = o Lar)uTte =
L | o(T gdr ; p(T)e T £=¢,

proving the claim.
Let us now consider the general case. Setting A4(t) = A(s + t), we have that

lim Fi =F;

s——+o0

in the operator norm of £L(C{,C)). Since the set of left inverses is open, by our previous case we
deduce that Fj{s has a right inverse RKS for s large, such that Rj;s — Rz in the operator norm

for s — +o00. Since the space of surjective operators is open, Rjg satisfies (4) for s large.

Fix such a large s. We can now define a right inverse Rj of F{ by setting R{v = u, where u
is the solution of the linear Cauchy problem

u — Au =,
u(s) = RXS’US(O).

The continuity of Rjg is easily seen by the formula

(REv)(t) = Xal(t) <XA(S)1RXS’US(O) +/ Xa(r) to(r) dT) .

Finally, the fact that st satisfies (4) implies that also R satisfies (4). Indeed, let ¢ € E, and
let v € CJ([0, +oc[, E) with v(0) = 0 be such that

(7) Xa(s)§ € RE v(0) + W3,

Since v(0) = 0, the curve

_fou(t—s) ift>s,
w(t)_{o if0<t<s,

belongs to CJ([0,+oc[, E). Since w vanishes on [0, s], Rjw solves the equation u' — Au = 0 on
[0, ], so

(8) R} v(0) = Rjw(s) = Xa(s)Rjw(0).

By (7) and (8),
€€ Riw(0) + Xa(s)"' W3, = Riw(0) + W3,



concluding the proof of (i).
(ii) The kernel of F'} is
ker Ff = {Xa(t)€ | € € Wi},

soif Q € L(E) is a projector onto W§, the linear map
E—kerFf, & X4(-)Q¢,
is a left inverse of the evaluation at 0,

ker Ff — E, uw— u(0).

1.7 REMARK. If P is a projector onto W3}, it can be shown that
—+o0
Riv(t) = XA(t)(Ags (t = T)P —1g- (t = 7)(I — P)) X A(7) to(7) dr
0

defines a right inverse of FX. See [AMO3c] for a more extensive discussion of the topics of this
section.

We conclude this section by establishing some properties of the operator d/dt — A(t) on the
whole real line.

1.8 PROPOSITION. Assume that A € C°(R,L(E)) has hyperbolic asymptotic operators A(—oo)
and A(+00), both with finite dimensional positive eigenspace. Then the bounded linear operator

Fa:C(R,E) — C(R,E), uw u — Au,

is Fredholm of index
ind Fy = dim E*(A(—00)) — dim E*(A(+0)).

Moreover, Wi + W3 is closed and
©)) ker Fy @ W3 NW3, cokerFy 2 E/(Wjy+W3).

Proof. Since W} =2 E"(A(—o00)) and W3 = E*(A(4+00)), the first space is finite dimensional and
the second one is finite codimensional, with

(10) dim W} = dim E“(A(—00)), codimWj = dim E*(A(400)).
Therefore, W} + W73 is (closed and) finite codimensional, and
(11) dim Wi N W3 — codim(W} + W3) = dim W§ — codimW3.
The kernel of F4 is the linear subspace
ker Fa = {Xa(t)€ | € € Win Wi},
o
(12) dimker Fy =dim Wj N Wj.
By Proposition 1.6 (i), the operators

Fi (0,400, E) — C§([0, +<[, E), uw v’ — Au,
Fy 0] —0,00,E) — C§(] — 00,0, E), uw~ v — Au,



have right inverses R} and R}. If v is an element of C§(R, E), any solution of ' — Au = v has
the form

u(t) = X4(t)(u(0) — Rjv(0)) + Riv(t), Vt>0,
u(t) = Xa(t)(u(0) — Ryv(0)) + R v(t), Vt<O0.

Such a curve u belongs to C& (R, E) if and only if u(0) — R{v(0) € W5 and u(0) — R v(0) € W§.
Therefore, v belongs to the range of F4 if and only if the affine subspaces RXU(O) + W3 and
R, v(0) + W4 have non-empty intersection, that is if and only if R{v(0) — R,v(0) belongs to
W3 + WJ. So the range of F4 is the linear subspace

ran Fy = {v € CJ(R, E) | Riv(0) — R v(0) € Wi + W5} .

Such a linear subspace is closed. By the second assertion in Proposition 1.6 (i), the operator

CORE) = e 0 [RA0(0) = Rye(0),
is onto, so
(13) codim ran Fy = codim(W} + W3).
All the statements follow from (10), (11), (12), and (13). O

1.3 Morse vector fields

Let M be a Banach manifold of class C?, i.e. a paracompact Hausdorff topological space, locally
homeomorphic to a Banach space E, endowed with an atlas whose transition maps are of class
C?. See [Lan99] for foundational results on Banach manifolds. A C! tangent vector field X on M
defines a local flow ¢ solving

oo(t,p) = X(o(t,p)), &(0,p)=p, VpeEM, —c0 <t (p) <t <tt(p) < 4o,

where ]t~ (p), t" (p)[ denotes the maximal interval of existence of the above Cauchy problem. The
functions ¢t~ and ¢T are upper and lower semi-continuous, respectively. Denote by Q(X) the
subset of R x M which lies strictly between the graph of ¢t~ and the graph of ¢*. Then Q(X) is
an open neighborhood of {0} x M, and the map ¢ : Q(X) — M is of class C'. The vector field
X is said complete (resp. positively complete, resp. negatively complete) if Q(X) = R x M (resp.
Q(X) D [0,400[xM, resp. Q(X) D] — 00,0] x M).

Let A be a positively invariant subset of M: this means that if p € A then ¢(¢,p) € A for
every t € [0,t%(p)[. The vector field is said positively complete with respect to A if for every p € M
such that ¢t (p) < +oo there exists ¢ € [0,¢T(p)[ such that ¢(¢,p) € A. Similarly, one defines a
negatively complete vector field with respect to a negatively invariant subset.

A rest point of X is a point x € M such that X (x) = 0. The set of rest points of X will be
denoted by rest (X). The Jacobian of X at a rest point z is the bounded linear operator on T, M
defined by VX (z)¢ = [X,Y](x), where £ € T, M and Y is a tangent vector field on M such that
Y(z) = & Indeed, the fact that X (x) = 0 implies that this definition does not depend on the
choice of extension Y of €.

1.9 EXERCISE. Give an alternative definition of the Jacobian of a vector field at a rest point in
terms of a local chart: if ¢ : U — E maps a neighborhood U of x € rest (X) diffeororphically
onto an open subset of the Banach space E, define the operator VX (x) on T, M by

P« (VX(2)§) = D X)(p(2))[04€],  VE € TuM,

where, forn € T,M, p.n is the vector in E defined by @.n = Do(p)[n]. Show that such a definition
does not depend on the choice of the chart .



A rest point x of X is said hyperbolic if the Jacobian of X at x is a hyperbolic operator. The
corresponding splitting of the tangent space at x will be denoted by T, M = E¥ ® E;. By the
inverse mapping theorem, the hyperbolic rest points are isolated in rest (X). The Morse index
m(z) € NU{+oco} of the hyperbolic rest point x is the dimension of the subspace E¥. The Morse
co-inder is the dimension of E7. If all the rest points of X are hyperbolic, the vector field X is
said a Morse vector field.

1.4 Local dynamics near a hyperbolic rest point

Let U be an open neighborhood of 0 in the Banach space E, and let X € C'(U, E) be a vector
field having 0 as a hyperbolic rest point. Denote by ¢ : Q(X) — U the local flow of X. Let
L :=VX(0) = DX(0), with splitting £ = E* @ E® and projectors P*, P°, and let us endow E
with an L-adapted norm || - ||. If V' C E is a closed linear subspace, V(r) will denote the closed
ball in V of radius r centered in 0, and OV (r) will be the relative boundary of V'(r) in V. Consider
the cones

Ct={¢c B[P <[P} > E" C*={{cE||P| <|P¢[}D E"

We recall that if A C B C U the set A is said positively (negatively) invariant with respect to B if
for every £ € A and for every t > 0, ¢([0,¢] x {£{}) C B implies ¢([0,¢] x {{}) C A (resp. for every
¢ € A and for every t < 0, ¢([t,0] x {£}) C B implies ¢([t,0] x {&}) C A).

1.10 LEMMA. For every r > 0 small enough there holds:
(i) the set C* N E(r) is positively invariant with respect to E(r);
(ii) the set C* N E(r) is negatively invariant with respect to E(r);

(#i3) if & belongs to the set C*NIE(r) = OE"(r) x E*(r) then | PY¢(t,£)|| > r for every t €]0, 1],
and ||PY¢(t,&)|| < r for every t € [—1,0[;

(iv) if € belongs to the set C* NOE(r) = E¥(r) x OE*(r) then ||P*¢(t,&)|| < r for every t €]0,1],
and ||P3¢(t,&)|| > r for every t € [—1,0].

Proof. Since t7(0) = +o00 and ¢~ (0) = —o0, we have tt(£) > 1 and ¢~ (¢) < —1 for [|¢]| small
enough. A first order expansion of ¢(t,-) at 0 yields to

¢t &) = &+ o(€)t for £ — 0,

uniformly in ¢ € [—1, 1]. Therefore, if r > 0 is small enough, for every £ € C* N E(r) and ¢ € [0, 1],
(2) implies

1P*o(t, &) = [ PPe' €]l + 0(&)t = e P*€]| + o(P€)t < e | P¢|| + o( P°¢)t < e /2| Po¢],
and similarly, for every £ € C* N E(r) and ¢t € [0, 1], (3) implies
1P o (t, )]l = M2 PUe]].

All the statements follow from the above inequalities and from the analogous inequalities holding
for t € [-1,0]. O

1.11 REMARK. In the language of Conley theory, E(r) is an isolating neighborhood for the in-
variant set {0}, and OE"(r) x E*(r) is its exit set.



1.5 Local stable and unstable manifolds

Given r > 0, the local unstable manifold and the local stable manifold of 0 are the sets
Wieo O = {€€ B0) 470 = —o%. 9 = .0] x {6)) € E(), lim_o(t.6) =0}

WieoO) = {€€ ()76 = +oc, 9(0. +oxlx(}) € B(), lim_6(t.6) =0}

When 7 is small, these sets are actually graphs of regular maps.

1.12 THEOREM. (Local (un)stable manifold theorem) Assume that 0 is a hyperbolic rest point of
the C* wector field X : U — E, k > 1. For any r > 0 small enough, Wlf)w,(O) is the graph of a C*
map o° : E°(r) — E*(r) such that 0°(0) = 0 and Do*(0) = 0. Similarly, Wy ,.(0) is the graph of
a C* map o : E%(r) — E*(r) such that *(0) = 0, Da*(0) = 0.

See [Shu87], chapter 5, for a proof based on the graph transform method. Here we will present
a proof based on the study of the orbit space and on Proposition 1.6.

Proof We shall prove the conclusion for the local stable manifold, the case of the unstable one
following by considering the vector field —X. The map

©: Cy([0,+00[,U) — C([0, +00[, E), ur>u'—Xou,
is of class C*, and its differential at u € C3 ([0, +o0[,U) is
D(I’(u) : C&([O7+OO[7E) - Og([07+oo[v E)7 U= U/ - DX(U’)U

Since DX (u(t)) converges to L = DX(0) for ¢ — +oo, statement (i) of Proposition 1.6 implies
that D®(u) is a left inverse, so ® is a C* submersion. In particular, its set of zeros ®~1({0}) is a
C* submanifold of C3([0,4+oc[,U). The set of zeros is non-empty, because it contains the curve
0. Actually

(14) To® ' ({0}) = ker D®(0) = ker(v — v — Lv) = {e'"¢ | ¢ € E*} .

By statement (ii) of Proposition 1.6, the evaluation map evy : u +— u(0) subordinates an
immersion

evg : @71({0}) = U,

which is injective by the uniqueness of the solution of Cauchy problems. Therefore,
W2(0) = ew (@ ((0)) = {€ € U | £7(6) = +oc. Tim_o(t,€) =0}

is the image of an injective C* immersion. The point 0 belongs to W#*(0), and by (14),
ToW*(0) = Devg(0)To® 1 ({0}) = evo(To@({0})) = E*.

By the implicit function theorem, if r is small enough the path-connected component of W#(0) N
E(r) containing 0 - call it Z, - is the graph of a C* map

o®: E°(r) — E“(r)

such that ¢°(0) = 0 and Do*®(0) = 0.

We claim that if r is so small that the conclusions of Lemma 1.10 hold, and that the Lipschitz
norm of o® is less than 1, then Z, = Wy (0), which concludes the proof. Indeed, by definition
Wit (0) C Z;, a path connecting § € Wi . (0) to 0 within W#(0) N E(r) being provided by the
orbit of £&. On the other hand, notice that by definition Z,. is positively invariant with respect
to E(r). So if there exists § € Z, \ Wi, ,.(0), by Lemma 1.10 there is some ¢ > 0 for which
o(t,&) € (OE“(r) x E*(r)) (the latter is the exit set of E(r)) and ¢(t,&) € Z,. (Z, is positively
invariant with respect to E(r)). Therefore Z,. N (OE™(r) x E*(r)) is non-empty, contradicting the
fact that Z,. is the graph of a map whose Lipschitz constant is less than 1, taking value 0 at 0. O



1.6 The Grobman-Hartman linearization theorem

The Grobman-Hartman theorem says that up to a change of variables, the dynamics near a
hyperbolic point is the dynamics given by a linear vector field. We will deduce this fact from
the analogous statement for discrete dynamical systems. The proof is adapted from [Shu87]. Let
us start with a result about the existence, uniqueness, and Holder regularity of a semi-conjugacy
between two perturbations of a linear operator.

1.13 PROPOSITION. Let E = E*&® E* be an invariant splitting for the bounded invertible operator
T. Let P* and P® be the corresponding projectors, and assume that there exists p < 1 such that

max{||P*TP*||, | P*T~ P} < p.
Let ¢ and 1) be Lipschitz continuous maps from E to E such that:
(1) llp = Ylloc < +00;
(i) ipp <1 —p;
(i) lipyy < 1/||T~1|.

Then there exists a unique bounded map g : E — E such that

(15) (T+p)oI+g)=T+g)o(T+1).
Moreover,
lle —
l9llec < %,
1—(u+lipy)
and setting
0= max {71+ ipv
1— [T lipe

g is a-Holder continuous for every

—log(p + lipp)
< —.
log 6

Notice that if E* # (0), then |T|| > |[P*TP%|| > 1/u, while if E5 # (0), then ||T71|| >
|P*T~=1P*|| > 1/u. Therefore logf > —log p1, so the quantity — log(u + lip )/ log § appearing in
the above proposition does not exceed 1. In general, the map g is not locally Lipschitz, even when
@ and ¥ are smooth.

Proof. For an E-valued map f, we denote by f, and fs its components with respect to the
splitting £ = E*® E*, that is f, := P"f, fs := P°f. By applying the projectors P* and P*, (15)
is equivalent to

(16) { (Tu+@u)o (I +g) = (P"+gu) o (T +7),
(Ts+@s)o(1+g):(PS+QS)O(T+1/))'

Since lip T~ < ||T~Y|lipy < 1, the map T+ = T(I + T~ 14) is a homeomorphism of E onto
E. Actually, its inverse is Lipschitz continuous with

. -1 _ 111 17~
(17) lip(T+¢)" =lip(I+T )T )SW

By a simple algebraic manipulation, (16) is equivalent to the fixed point problem F(g) = g, where

F(9)u =Ty (guo (T +v) —puo(I+g)+1u),
F(g)s = (Tsgs + pso (I +g) —¥s) o (T + 1)1
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Since
(18)  [[F(9)ulloe < p((L +1ip@)llgllee + I = Ylloo) < (1 +lip@)glloo + lle = Plloos
(19)  F(9)slleo < (IT5]l +lip@)lglloc + [l = Ylloc < (1 +Tlip@)glloc + [l — ¥lloo;

F maps B(E, E), the Banach space of bounded maps from E to F, into itself. Actually, (18) and
(19) imply that if ||g]|cc < R, with

_ e =l
1— (p+lipy)’

then ||F(g)||lcc < R. Moreover, the maps F,, = P*F : B(E,E) — B(E,E") and Fy, = P°F :
B(E,FE) — B(E, E®) are Lipschitz with

lip Py < | Tl (14 lipy) < (1l +lipyp) < 1,
lip Fy < ||Ts|| +lipp < p+lipp <1,

so F: B(E,E) — B(E,FE) is a contraction, proving that there exists a unique g € B(E, E)
satisfying (15). Since F' maps the closed R-ball of C° N B(E, E) into itself, the fixed point g is
continuous and bounded by R.

If h € B(E, E) has modulus of continuity? w, then F(h),, has modulus of continuity

(20) t—= pw((|T)] +lipy)t) + plippw(t) + p(lip ¢ + lip)t,

while by (17), F(h)s has modulus of continuity

(21) t— (u+lip p)w(ot) + (lipy + lip p)ot,

where o := ||T7|/(1 — ||T~||lipv). Comparing (20) and (21), we find that setting

a:= (lipy +lipt)o,
the function
t— (p+lip p)w(6t) + at

is a modulus of continuity for F(h). If moreover ||h]l < R, we have that ||F (k)]s < R, so F(h)
has modulus of continuity
t — min{(p + lip )w(6t) + at, 2R}.

Therefore, if a modulus of continuity w satisfies
(22) min{(p + lip )w(0t) + at, 2R} < w(t) Vt € [0, +o0],
we deduce that the non-empty closed subset of B(E, E)

{h € B(E,E) | ||h|lcc < R, h has modulus of continuity w}

is F-invariant, hence the fixed point g has modulus of continuity w. A function of the form
w(t) = ct® satisfies (22) if
(1 +1ipp)6* < 1,

and c is large enough. The conclusion follows. O

If we symmetrize the assumptions of the above proposition, a standard argument involving
uniqueness yields to the following global version of the Grobman-Hartman theorem for discrete
dynamical systems.

2Here, moduli of continuity are always assumed to be non-decreasing.

11



1.14 COROLLARY. Let T be an invertible bounded operator on E satisfying the same assumptions
of Proposition 1.13. Let ¢ and i be Lipschitz continuous maps from E to E such that

(1) [l = Plloc < +o00;
(ii) lip < min{1 — p, 1/|T7H}, lipyy < min{l — p, 1/[| 74|}
Then there exists a unique bounded map g : E — E such that
(T+p)oI+g)=T+g)o(T+1).
Moreover, g is Hélder continuous, and I 4+ g is homeomorphism of E onto E.

Proof. Applying Proposition 1.13 to the pair (¢, ) and to the pair (¢, ¢), we find Holder contin-
uous bounded maps g: ¥ — FE and h : E — FE such that

(T+ep)o(I+g)=T+g)o(T+1),
(T+v)o(I+h)=T+h)o(T+ ).

It follows that (I + g) o (I + h), which is of the form I + k with k € B(E, E), satisfies
(T+p)o(I+k) =T +k)o(T+¢)

By the uniqueness statement of Proposition 1.13 applied to the pair (¢, ), k¥ must be the zero
map, that is (I + g) o (I + h) = I. Similarly, (I + h)o (I +g) = I, so I + g is a homeomorphism
of E onto F with inverse I + h. O

Now we can derive a global version of the Grobman-Hartman theorem for flows.

1.15 THEOREM. Let L be a hyperbolic operator on E. Let || - || be an L-adapted norm on E,
satisfying (1) and (2) for some positive \. Let By : E — E and By : E — E be Lipschitz
continuous maps such that

(i) [|B1 = Balloo < +00;
(i) lip By < A, lip Bo < A.

Then the flows ¢1,d2 : Rx E — E of the vector fields X1(§) = LE+ B1(§) and X2(§) = LE+ Ba(€)
are conjugated. More precisely, there is a unique bounded map g : B — E such that

o1(t, (I +9)(§)) = (I +9)(2(t,€)) V(t,§) €R X E,
and I + g is a homeomorphism of E onto E. Moreover, g is a-Hdélder continuous for every

\—lip By
|L|| +1lip By

a <

Proof. A c-Lipschitz vector field X produces a globally defined flow ¢, with lip ¢(t,-) < ecltl If
two c-Lipschitz vector fields X, X have bounded distance, then

[p1(t,+) — da(t,)los < 1 X1 — Xalloo|t|e!").

Let 1;(t, &) = ¢;(t, &) —e'l€¢, for i = 1,2. By our initial considerations, for every ¢ the maps 1 (¢, -)
and s (¢, ) are Lipschitz and have bounded distance. The maps 1); satisfy

t
(23) wz(tvf) = A e(t_S)LBi(€SL£ + %(575)) ds V(t, 5) ERXE.
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By (23),

t
lip¢pi(t,-) <lip B; / e[ (le* || + lip wi(s, -)) ds
0

< [tlip B sup [le*| | sup [[e*F|| + sup lipwy(s,-)
jsi<ll jsi<ll jsi<ll

|s|<It]

= |t|lip B; (1 + sup lipwi(s,-)> (1+0(1)),

for t — 0. Taking the supremum for all |¢| < 7, we obtain

(24) sup lip¢;(¢,-) <lip B;|7|(1 4+ o(1)) for 7 — 0.
[t|<T

Since lip B; < A, the last inequality implies that there exists 7 > 0 such that
lipi(t,) <1—e M Tipyu(t,) <1/l (|, VO<[tf <7 i=1.2

By Corollary 1.14 applied to T = e'*, u = e M » = ¢y(t,-), and ¢ = s(t,-), for every
0 < |t| < 7 there exists a unique g; € B(F, E) such that

(25) P18 (I +90)(€)) = (I + g:)(92(t,)),
and I + g; is a homeomorphism of F onto E. If n € Z\ {0} and |nt| < 7, (25) implies

Pr(nt, (I +9:)()) = (I + g:)(d2(nt, ),

so by uniqueness g; = gn:. If p,q are rational numbers in [—7,7] \ {0}, they have a common
sub-multiple, so g, = g4. Therefore g, = g for every rational p € [—7, 7]\ {0}. By the continuity
of ¢1 and ¢o with respect of ¢,

¢1(t, (I +9)() = (I +9)(62(t,-))

holds for every |t| < 7, hence by taking iterates, for every ¢ € R.
There remains to estimate the Holder exponent of g. Let 0 < ¢t < 7. By Proposition 1.13 g; is
a-Holder for every
—log(e " +1ipy(t, -))

@s log (1) ’

where

— tL i . le” ™)
0(t) = masx (el + L ve(t ) =z, o )

Since g; = g, g is a-Holder for every

— Xt 1 )
o< 8 o= limsup T10BE +1ipYa(t, )
t—0+ log 6(t)

By (24),
(26) —log(e ™ +lipyi(t,-)) > —log(e ™ +lip Byt + o(t)) = (A — lip By)t + o(t)

for t — O+. Since
leFtE|| < et = 1+ ||L||t + o(t),

for t — 0T, by (24) there holds
e[| +lipapa(t, -) < 1+ ([|L]| + lip B2)t + o(1),

le _ L+t + o)
1— |letZ|liptpa(t,-) ~ 1 —lip Bat + oft)

=1+ (]| L|| + lip B2)t + o(t),
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for t — 0. Therefore
(27) log 0(t) <log(1 + (|[L|| +lip B2)t + o(t)) = (|[L|| + lip B2)t + o(t),

for t — 0T. The inequalities (26) and (27) imply that

. —log(e™™ +lipy(t,-) _ .. (A=lipBi)t + o(t) A —lip By
6 = limsup > lim - = . )
0+ log 6(t) t—o+ (|| L|| +lip B2)t + o(t) || L|| + lip B2
concluding the proof. O

It is then straightforward to deduce the following local linearization result.

1.16 COROLLARY. Assume that 0 is a hyperbolic rest point of the C! vector field X : U — E, and
let L =DX(0). If r > 0 is small enough, the local flow ¢ restricted to E(r) is conjugated to the
linear flow (t,€) v e'*¢ by a bi-Holder continuous homeomorphism. More precisely, there exists
a bi-Hélder continuous homeomorphism h : E(r) — h(E(r)) C E such that

h(g(t,€)) = e"*h(€)  ¥(t,€) € UX|p())-

We conclude the discussion about the local dynamics at a rest point with the following propo-
sition.

1.17 PROPOSITION. For every r > 0 small enough there holds: for every sequence (&,) C E
converging to 0 and for every sequence (t,) C [0,+o00] such that ¢([0,t,] x {&n}) C E(r) and
d(tn,&n) € OE(r), there holds

dist (d’(tna gn), VVIZc,r(O) N 3E(T)) — 0.

Proof. If the vector field is linear, X (§) = L&, the conclusion is immediate: indeed in this case
Wit »(0) = E*(r), and for any (§,) C E converging to 0 and any (t,,) C [0, +oo[, by (2) we have

limsupdist (e""&,, E*) = limsup [|P*e" L&, || < limsup e || P*¢, || = 0.
n—oo

n—oo n—oo

By the Grobman-Hartman theorem, if 9 > 0 is small enough the local flow ¢ restricted to E(rg)
is conjugated to its linearization (¢, &) — e*l'¢, by a bi-uniformly continuous homeomorphism. By
the local (un)stable manifold theorem, we may also assume that 7q is so small that Wyt . (0) is
the graph of a uniformly continuous map o* : E¥(r¢) — E*(ro).

Let r < rg and set 0, := ¢(tn,&n) € OE(r), with &, — 0and ¢, > 0. By Lemma 1.10, ||P¥n,| =
7. By the linear case and by the uniform continuity of the conjugacy, there exists (1;,) C Wy, . (0)
such that ||, — ny| is infinitesimal. Setting n;, = (P*n,, 0" (P"n,)) € Wi, .(0) N OE(r), by the
uniform continuity of ¢* we have

dist (7, Wik (0) NOE(r)) < llnm — mnll < lmm — my, || + [1P“n), — P nj;|| + |1P°n, — P*n,|
= |90 — L + 1P 0y, = P || + 0™ (P*;,) — 0™ (P*n,)|| — 0,

concluding the proof. O

1.7 Global stable and unstable manifolds

Let us assume that X is a C! tangent vector field on the Banach manifold M, and that z is a
hyperbolic rest point of X. We shall identify a neighborhood of x with a neighborhood of 0 in
the Banach space F, = T, M, identifying = with 0. We shall consider a VX (z)-adapted norm on
E,, and we will use the notation introduced in the above sections: for instance, E,(r) C M will
denote the closed r ball centered in z.
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The unstable and the stable manifolds of the rest point x are the subsets of M
W (x) = {p € M|t (p) = —o0 and . liI}l o(t,p) = z} ,

1.18 THEOREM. Let x € M be a hyperbolic rest point of the C* wvector field X, k > 1, on the
Banach manifold M. Then W"(x) and W*(x) are the images of injective C* immersions of
manifolds which are homeomorphic to EY and ES, respectively.

Proof. By Theorem 1.12, if 7 is small enough the local unstable manifold Wy, () is the graph
of a C* map o : E%(r) — E*(r). Since

W (x) = {(t,p) | p € Wige(z), 0 <t <t (p)},

the set W*(z) inherits the structure of a C* manifold from that of Wit. . (z) by the maps {¢(t, )},

and the inclusion of W*(zx) into M is a C* injective immersion.
If6: B%(r) — W, . (z) is the C* diffeomorphism 0(¢) = £ + o%(€), the map

A= {g € B} | log|lg] < t7(0(r¢/lIEN) ) — W (@), & — o(logllg]l 0(re/l1EID),

is a homeomorphism from a star-shaped open subset of EY - thus homeomorphic to EY itself -
onto W*(z). The analogous results for W?*(z) follow by considering the vector field —X. O

1.19 REMARK. If M is a Hilbert manifold, then the reqularity of the norm implies that W*(x)
and W*(z) are actually images of C* immersions of E¥* and E3, respectively.

In general W*(z) and W#*(z) need not be embedded submanifolds: actually, they need not be
locally closed.

A Lyapunov function for X is a C! function f : M — R such that Df(p)[X(p)] < 0 for every
p € M \ rest (X). In this case, of course crit(f) C rest (X). If X is a Morse vector field, the two
sets actually coincide. Indeed, we can assume that M = E is a Banach space, so if = € rest (X)
and ¢t € R we have

Df(xz+tv)[X(z +tv)] = Df(x)[ X (z + tv)] + o(t) = tDf(z)[DX (z)v] + o(t) fort— 0.

The principal part of the right-hand side is an odd function of ¢. Since the above quantity has to
be negative for every t # 0, such a principal part has to be identically zero. Since DX (x) is an
isomorphism, we deduce that D f(x) = 0.

1.20 THEOREM. Assume that X admits a Lyapunov function f, and that for every ro > 0 small
enough there holds

(28)  sup {f(p) | p € Wite,r, (¥) N OBy (ro) } < inf {f(p) | p € Wige r, (2) NOEL(r0) } -
Then if r > 0 is small enough:
(i) for every p € M, the closed set I = {t €]t~ (p),t*(p)[| &(t,p) € E.(r)} is an interval, and
its interior is {t €lt=(p),t*(p)[ | 6(t,p) GEOI (r)};
(i) if I is upper bounded, then ¢p(maxI,p) € OEY(r) N E°(r); conversely, if ¢(t,p) € OEY(r) N
E*(r), then t = max[;
(i11) if I is lower bounded, then ¢(minl,p) € E¥(r) N OE*(r); conversely, if ¢(t,p) € E¥(r) N
OFE*(r), then t = min I;
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(i) W(z) N Ey(r) = Wi, (), and W*(z) N By (r) = Wi, (2);
(v) W¥(z) and W*(x) are submanifolds of M.

Proof. Let rg be so small that (28) and the conclusions of Lemma 1.10, Theorem 1.12, and Propo-
sition 1.17 hold. Since f is of class C'!, up to choosing a smaller 9 we may also assume that f is
uniformly continuous on FE,(rg).

We shall prove the first assertion in (i) arguing by contradiction. In fact, assume that there exist
an infinitesimal sequence of positive numbers (p,), pn < 70, & sequence of points (£,) € OE,(pn),
and a sequence of positive numbers (¢,) such that ¢(t,,&,) € OE.(pn) and ¢(]0,t,[x{&n}) N
E.(pn) = 0. Lemma 1.10 (iv) implies that (at least for n large) &, € IE%(pn) x ES(p,) C
C* N Ey(ro). By Lemma 1.10 (i), C* N Ey(ro) is positively invariant with respect to E,(ro), and
by (iii) if ¢ > 0 and ¢([0,¢] x {&,}) C C* N E,(ro) then ¢(t,&,) ¢ Ey(pn). Therefore, there exists
an €]0,t,[ such that ¢([0,a,] x {&€,}) C E.(ro) and ¢(an,&,) € OE,(rg). Similarly, there exists
bn € [anvtn[ such that ¢(bn7§n) € (9Ew(’l“o) and ¢([b7tn] X {fn}) C EI(TO)'

Since &, — 0 and ¢(t,,&,) — 0, Proposition 1.17 implies that

dist ((ZS(CLTH En)v WIZC,TO (:L') N 8E$ (TO)) - 07 dist ((rb(bna gn)? Wlﬁ)c,rg (fﬂ) N aEm (TO)) — 0.
Therefore, by (28), taking into account the fact that f is uniformly continuous on E,(rg),

lim sup f(¢(an,&n)) < sup f< inf f < liminf f(é(by, &n)),
n—o0 Wi (2)NOEq(ro) Wise,ro (£)NOE: (r0) n—00

loc,rqg

The second statement in (i), and statements (ii), (iii) are immediate consequences of Lemma
1.10. The inclusions

a contradiction because a,, < b, implies f(P(an,&n)) > f(D(bpn,&n))-

Wige,r () CWH(z) N Ey(r),  Wige,(2) C W (2) N Eq(r),

are obvious. The opposite inclusions follow from statement (i). Then W*(z) and W*(z) are
submanifold of M, because

W(z) = {o(t,p) |pe W (x)NE(r), 0<t <t"(p)},
We(x) = {o(t,p) | p € W*(z) N E(r), t~(p) <t <0},

and because ¢(t, ) is a diffeomorphism. O

1.21 REMARK. The weak inequality always holds in (28). The strict inequality holds if either:
(i) x has finite Morse index;

(ii) M is a Hilbert manifold, f is twice differentiable at x and the second differential of f at x
satisfies D2 f(x)[€,€] < =\||€]|? for every € € EY, for some positive constant \.

Indeed, in the first case Wyl . (x) is a compact set, so

sup f= max f<flz) < inf

Wy ()NOE4(ro) Wl’éc,ro (£)NOE, (o) - WISOC,TO (£)NOE, (o)

u
oc,rg

In the second case, a second order expansion of f at x yields to the same conclusion.

2 The Morse complex in the case of finite Morse indices

2.1 The Palais-Smale condition

Assume that f is a Lyapunov function for the vector field X on the Banach manifold M. A
Palais-Smale sequence at level ¢ is a sequence (p,) C M such that (f(p,)) converges to ¢ and
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(Df(pn)[X (pn)]) is infinitesimal. We shall say that (X, f) satisfies the Palais-Smale condition at
level ¢ if every Palais-Smale sequence at level ¢ is compact.

If (X, f) satisfies the (PS) condition at every ¢ € [a, b], then rest (X) N f~1([a,b]) is compact,
so if X is also Morse this set is finite.

2.1 REMARK. Assume that J, = ¢([0,t,] X {pn}), tn > 0, is contained in a strip {a < f < b},
and that

(29) lim f(pn) — f(¢(tnapn))

n— oo t

=0.

n

Then there is a (PS) sequence g, € J,. Indeed, by the mean value theorem there is s, €]0,t,[

such that
f(pn) — f(d(tn, pn))

Df(¢(sn,pn))[X (S(sn,pn))] = t )

and by (29), qn = ¢(sn,pn) is a (PS) sequence.

Actually, the above observation could be used to give a weaker formulation of the (PS) con-
dition, which does not require f to be differentiable, and could be used to study flows in the
continuous category.

2.2 The Morse-Smale condition

We recall that two closed linear subspaces Vi, Vs of a Banach space E are said transverse if
Vi+Va = E and V; NV, is complemented in E. Two C! submanifolds M; and M, of the Banach
manifold M are said transverse if for every p € M; N My the closed linear subspaces T),M; and
T, M, are transverse in T, M.

Let X be a Morse vector field having only rest points with finite Morse index and admitting
a Lyapunov function. We will say that X satisfies the Morse-Smale condition up to order k € N
if for every pair of rest points z,y satisfying m(z) — m(y) < k, the submanifolds W*(x) and
W#(y) are transverse. In this case, the implicit function theorem implies that W*(z) N W*(y) - if
non-empty - is a submanifold of dimension m(x) — m(y).

Notice that the presence of a Lyapunov function implies that W*(x) N W?*(x) = {z}, and
such an intersection is always transverse. Notice also that the fact that ¢(t,-) is a diffeomorphism
implies that if W*(z) NW*(y) meet transversally at some p € M, they meet transversally at every
point of the orbit of p.

2.3 The assumptions

Let M be an open subset of the Banach manifold M , and let X be a C'* vector field on M (possibly,
M = M). Denote by A the open subset M \ M, and denote by X the restriction of X to M.
We shall construct the Morse complex for X on M under the following assumptions:

(A1) A is positively invariant with respect to the flow of X , and X is positively complete with
respect to A;

(A2) X is a Morse vector field on M;

(A3) every rest point of X has finite Morse index;

(A4) X admits a Lyapunov function f € C*(M) N C°(M);
(A5) f is bounded below on M;

(A6) (X, f) satisfies the (PS) condition at every level c € f(M);

(A7) X satisfies the Morse-Smale condition up to order 0.
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The local flow of X will be denoted by ¢. By (A1), the local flow of X is just the restriction
of ¢ to

Q(x) = {(t.p) € AX) |p € M, 6(t.p) € M}.

In most applications f is actually defined on the whole M and A is a sublevel of f-

Notice that (A6) and the fact that f € C°(M) imply that there are no rest points on the
boundary of M: such a rest point would be the limit of a (PS) sequence in M, which does not
converge in M.

Notice also that (A7) means asking that W*(x) does not meet W#(y) whenever x # y are rest
points with m(z) < m(y).

2.4 Forward compactness
The (PS) condition plays a crucial role in the following compactness result.

2.2 PROPOSITION. Assume (A1)-(A7). Then

(i) for every p € M, ¢(t,p) either converges to a rest point of X for t — +oo or eventually
enters A;

(i6) if (pn) C M converges to p € N, (ta) C [0, +ool, and ((t,pa)) C M, then the sequence
(¢(tn, pn)) s compact in M.

Proof. (i) Let p € M. Assume that ¢(t, p) never enters A: by (A1) this implies that t*(p) = +o0.
By Remark 2.1, with p,, = p, t,, — 400, a =inf f, b = f(p), and by (PS) we can find a sequence
$n — 400 such that ¢(s,,p) converges to a rest point x € M. The function t — f(¢(¢,p))
converges for t — 400, being monotone, therefore

Jim f(g(t,p)) = lim f(d(sn,p)) = f(2).
Assume by contradiction that ¢(¢, p) does not converge to = for t — +o00. Then we can find r > 0
(as small as we like), two sequences a,, < b, < an41, an, — +00, such that ¢(a,,p) € OE,(r),
d(bn,p) € OFE,(2r), ¢([an,bn] X {p}) C E,(2r)\ E.(r). Choosing r so small that X is bounded
on E,(2r) C M, one has that b, — a,, is bounded away from 0. Since

lim f(é(an,p) = lim [(6(bep) = Tim_f(o(t,p)) = f(2),

n—oo

we have
i £000:9)) = F((an.p)

:07

so by Remark 2.1 there is a (PS) sequence in E,(2r) \ E.(r), converging by (PS) to a rest point.
Since r is arbitrarily small, z is not isolated in rest (X), contradicting (A2).

(ii) If (¢,) is bounded, then

(30) limsupt, < t*(p).

n—oo
Indeed, if by contradiction ¢*(p) < limsup,,_, ., tn, t7(p) is finite, so by (A1) there exists s €
[0, (p)[ such that ¢(s,p) € A. Then ¢(s,p,) eventually belongs to A, so s > t,, for n large, and
limsup,,_, . tn < s < t*(p), a contradiction.

When (¢,) is bounded, the continuity of ¢ and (30) imply that (¢(¢,,pr)) is compact in M, so
we may assume that ¢, — +oo.

By Remark 2.1 and (PS) there exists a sequence a,, € [0,t,] such that, up to a subsequence,
@(an,prn) converges to a rest point z € M, with inf f < f(z) < f(p). Since there are finitely many
rest points in this strip, we may assume that f(x) is minimal, that is for no sequence a!, € [0, ¢,],
¢(al,, pr) has a subsequence converging to a rest point y € M with f(y) < f(z).
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If ¢(tn,pn) converges to x then there is nothing to prove, otherwise up to a subsequence
we can find » > 0 (as small as we like) and b, € [an,t,] such that ¢(b,,pn) € OE,(r) and
d([an, bn] X {pn}) C Ex(r). By Proposition 1.17, the sequence (¢(bn,pr)) is compact, since its
distance from the compact set VV{;CT(x) N OE,(r) tends to 0 (here we are using the fact that z
has finite Morse index). So a subsequence of (¢(b,,p,)) converges to a point ¢ with

f@ <, max o f<f@)

(z)NOE, (1)

u
loc,r

The sequence t,, — by, is bounded: otherwise by Remark 2.1 and (PS) there would exist ¢,, € [by, t,]
such that a subsequence of (¢(cn,pn)) converges to a rest point y with f(y) < f(q) < f(=),
contradicting the minimality of f(z). Therefore ¢(tn,pn) = ¢(tn — bn, ¢(bn,prn)) is compact in
M. O

The above result has the following immediate consequence.
2.3 COROLLARY. For every x € rest (X), W*(z) N M has compact closure in M.

Another consequence is the following convergence result for forward orbits: if (p,) C M
converges to p € M, up to a subsequence the forward orbit of p,, converges to a “broken orbit”
consisting of h + 1 flow lines, A > 0, matching at h rest points zp,...,z;. The first of these flow
lines is the forward orbit of p, the last one either converges to a rest point xg, which is also the
common limit of ¢(t,p,) for t — 400, or eventually enters A, together with all the orbits of p,.
More precisely, the situation is described by the following corollary.

2.4 COROLLARY. Assume that (p,) C M converges to some p € M. Then there exists a subse-
quence (pg, ) such that one of the following two alternatives holds:

(a) tT(pr,) = 400, and there exists xo € rest (X) such that ¢(t,pg,) converges to xo for t —
400, for everyn € N;

(b) for everymn € N, ¢(t,pr, ) eventually enters A.

Moreover, there exist h € N, a set {z;}1<j<n C rest (X), with f(xz1) < --- < f(xn), sequences of
real numbers tg > t7 > --- >t} =0, and points qo,q1,...,qn = p in M such that:

(1) q; € W(z;) N W"(z41) for every1 <j<h—1;

(ii) qn =p € W3(xyp,), unless case (b) holds and h = 0, in which case ¢(t, qn) = ¢(t,p) eventually
enters A;

(iii) qo € W¥(x1) if h > 1; in case (a) qo € W*(xg), in case (b) ¢(t,qo) eventually enters A;
(iv) limy, oo ¢(t,, P, ) = q; for every 0 < j < h.
The proof is an easy application of Proposition 2.2, together with an induction argument.
Details are left to the reader.
2.5 Consequences of compactness and transversality

Given a subset B C M, we will denote by ¢(]0, +00[x B) its forward evolution, although this set
should more properly be indicated by

o(([0, +oo[x B) N Q(X)).

The Morse-Smale condition up to order zero, assumption (A7), has the following consequence.

2.5 LEMMA. Assume (A1)-(A7). Let x,y be distinct rest points of X, with m(x) < m(y). Then
there exists v > 0 such that
#([0, +00[x Ey(r)) N Ey(r) = 0.
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Proof. Assume the contrary: there exist a sequence (p,) C M converging to = and a sequence
(tn) C [0,400] such that (¢(t,,pn)) converges to y. By Corollary 2.4, a subsequence of the
sequence of forward orbits of p, converges to a “broken orbit” passing through x and y. In

particular, there are pairwise distinct rest points z3 = x, 29, ..., 2, = y, k > 2, such that W*(z;) N
W3 (zi4+1) # 0 for every 1 <4 < k — 1. The Morse-Smale condition up to order zero implies that
m(z) =m(z1) > -+ > m(z;) = m(y), a contradiction. O

In particular, the closure of the unstable manifold of a rest point x of index k£ does not contain
rest points of index greater than or equal to k, other than x itself. Let us state a stronger
assumption, which will be later removed:

(A8) every rest point y does not belong to the closure of the union of the unstable manifolds of
rest points z # y with m(z) < m(y):

y ¢ U we@.

z€rest (X)\{y}
m(z)<m(y)

Since the closure of a finite union is the union of the closures, by Lemma 2.5 condition (A8) is
implied by the Morse-Smale condition up to order zero (A7) when X has finitely many rest points
of index k, for every k € N. In general it is strictly more restrictive.

Assumption (A8) implies the following result.

2.6 PROPOSITION. Assume (A1)-(A8). Then there exists a positive function p : rest (X) —]0, +o00[
such that

¢([0, +oo[x Ex(p(x))) N Ey(p(y)) =0
for all pairs of rest points x # y with m(z) < m(y).

Proof. By (A8) there exists a function o : rest (X) —]0, 4-00[ such that

(31) E,(c(y)) N U W"(z) =0 Wy € rest(X).
werest (X)\{y}
m(z)<m(y)
Let us prove that for every x € rest (X) there is a positive number 6(z) such that

(32) $([0, +00[x Ex(0(x))) N Ey(a(y)) =0 Vy € rest (X) \ {z}, m(y) = m(z).

Then the function p(x) : rest (X) —]0, +oo[, x — min{o(x),0(z)}, will satisfy the requirements.
We argue by contradiction, assuming that there exists z € rest (X) for which (32) does not hold,
no matter how small §(z) is. Since there are finitely many rest points in {p € M | f(p) < f(x)},
we can find a sequence (p,) C M converging to = and a sequence (t,) C [0,+oo[ such that
d(tn,pn) € Ey(o(y)), for some y € rest (X) \ {z} with m(y) > m(x). By Corollary 2.4, a
subsequence of the sequence of the forward orbits of p, converges to a “broken orbit” starting

from x and passing through E,(o(y)). In particular, there are rest points 21 = z,..., 2k # v,
k > 1, such that W*"(z;) " W3 (z;41) Z0 for 1 <i <k —1, and
(33) W*(zk) N Ey(a(y)) # 0.

By the Morse-Smale condition up to order 0, m(zx) < m(z) < m(y), and since 2z, # y, (33)
contradicts (31). O
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2.6 Cellular filtrations

Cellular filtrations are a useful tool to compute the singular homology of a topological space. See
[Dol80], section V.1, for a more extensive discussion and for the proof of the results stated in this
section.

Let T be a topological space. A sequence F = {F,},cz of subsets of T is said a cellular
filtration of T if:

(i) F,, C F, 41 for every n € Z;
(ii) every singular simplex in T is a simplex in F,, for some n;
(iii) the k-th singular homology group Hy(F,,, F,,—1) vanishes for every k # n.

Notice that (ii) is fulfilled when T is the union of the family {F,,} and each F;, is open. The
space F_; may be empty. The spaces F,, for n < —2 will be actually irrelevant in the construction.
Singular homology is always meant to have integer coefficients.

If F = {F,}nez is a cellular filtration of T, we denote by W3 F the Abelian group

Wi F = Hp(Fi, Fr—1).
The homomorphism 9y : Wi F — Wj_1F is given by the composition
Hy(Fy, Fro—1) — Hp—1(Fr—1) — Hp—1(F—1, Fr—2),

where the first map is the boundary homomorphism of the pair (Fy, F;_1), and the second map
is induced by the inclusion. It is readily seen that 0y0r+1 = 0, so W, F is a chain complex of
Abelian groups, said the cellular complex of the filtration F.

A cellular map g : (T, F) — (T",F') is a continuous map from T to T’ mapping each F,, into
F!. Such a map induces homomorphisms

Wkg . Wk]'—ﬂ ka/, Wkg = 0gx ' Hk(Flka—l) — Hk(F]g,F,g_l),

which are readily seen to form a chain map W,g : W, F — W,F’. This makes W a functor from
the category of cellular filtrations and cellular maps to the category of chain complexes of Abelian
groups and chain maps.

2.7 THEOREM. If F = {F,}necz is a cellular filtration of the topological space T, then there is an
isomorphism

Such isomorphisms form a natural transformation between the functor HW and the singular ho-
mology functor H, in the sense that if g : (T, F) — (T",F') is a cellular map, then the diagram

Hy({W.F,0.}) —— H(T,F_,)

HkagJ( lg*

Hy({W.F',0,}) —— Hy(T',F",)
commutes.

A cellular homotopy h between two cellular maps ¢g,¢91 : (T, F) — (T, F’) is cellular map
h:([0,1] x T,F) — (T', F'), F being the cellular filtration {[0, 1] x F, }nez, such that h(0,-) = go
and h(1l,-) = g1. If there is a cellular homotopy between g and ¢’, the homotopy invariance of
singular homology implies that W.g = W.¢g'.

A cellular map g : (T,F) — (T',F’) is said a cellular homotopy equivalence if there are a
cellular map ¢’ : (T, F') — (T, F), said a cellular homotopy inverse of g, and cellular homotopies
h between ¢’ o g and id(y, ) and h' between g o ¢’ and id(ps #. By functoriality and homotopy
invariance, if g is a cellular homotopy equivalence then W,g is an isomorphism.
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2.7 The Morse complex

Denote by rest;(X) the set of rest points of X of Morse index k, and let Cj, (X)) be the free Abelian
group generated by the elements of resty(X).
Let p : rest (X) —]0, +oo[ be a function satisfying

(34) ¢([0, +oo[x Ex(p(x))) N Ey(p(y)) =0, Vo #y € rest (X), m(z) < m(y),

whose existence is established by Proposition 2.6. Consider the subsets of M

My, = My(p) =AU ) (0, 4+00[x E, (p(x))) Vk>0, My=A Vk<O0,
x€rest (X)
m(x)<k

and Mo = Muo(p) := Uyez Mr. Each M is open and positively invariant.
We shall denote by D¥ the closed unit ball of R¥, and by wy, the generator of Hy(D* 0D¥)
corresponding to the standard orientation of R*. Here is the main result of this second part.

2.8 THEOREM. Assume (A1)-(A8). Let p : rest (X) —]0,+o0] be a function satisfying (34), and
let My, be the sets defined above. Then:

(i) The inclusion (My, A) — (]\//.7, A) is a homotopy equivalence.
(ii)) M = M(p) :={My}rez is a cellular filtration of My, with
WiM = Hy(My, My 1) = Cr(X), VYkeN.

More precisely, the choice of an orientation of each unstable manifold W*(x) determines an
isomorphism

Or(p) : Cp(X) 2 WiM(p), = — 05(wi), V& resty(X),

where 6% : (D¥,0D*) — (My, My,_1) is any map of the form 6% (€) = ¢(t(£), w(€)), with w
an orientation preserving embedding of D* onto an open neighborhood of x in W"(x), and
0 <t<tt solarge that ¢(t(&),w(€)) € My_y for every & € OD.

(i) If p' < p, then the inclusion j = jyp : Moo(p') — Mo (p) is a cellular homotopy equivalence
with respect to the cellular filtrations { My (p) }rez and {My(p)}rez. Moreover, the diagram

(35) Wi M(p')
Oxlp') l ,
Wi

Cr(X) o Wi M(p)
&(p)

commutes.

By (iii), the isomorphism class of the cellular chain complex Wy M(p) does not depend on the
choice of the function p satisfying (34). In order to fix a standard representative, we can define

W, (X) = lim W, M(p),
plO

the limit of the direct system of chain complexes {W,M(p), W.j,,}. The chain complex W, (X)
is said the Morse complexr of X. By Theorem 2.7, the homology of such a chain complex is
isomorphic to the singular homology of (M., A), which by statement (i) of the theorem above is

isomorphic to the singular homology of (]\7 ,A):

H,W.(X) = Hy(M,A) Vke€N.
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In particular when A is the empty set (so that X is a positively complete Morse vector field on
M admitting a Lyapunov function which is bounded below), the homology of the Morse complex
is isomorphic to the singular homology of M.

By (ii) and by the commutativity of diagram (35), a choice of an orientation of each unstable
manifold allows to identify the groups Cx(X) and Wy (X), by the isomorphism

O = E%@k(p) : Ck(X) = Wk(X)

2.9 EXERCISE. Deduce the so called strong Morse relations: there exists a formal series QQ with
coefficients in N U {400} such that

(36) 3 frest(X)] 5 = 3 (LAY + (14 Q).
k=0

k=0
where ﬁk(l\/f\, A) = rank Hk(Z\/Z, A) € NU {+o0} is the k-th Betti number of (Z/W\, A).

Before proving Theorem 2.8, we recall the semi-continuity properties of the entrance time
function into a subset C' C M:

to(p) :=inf {t € [0,t7(p)[ | ¢(t,p) € C} € [0, +00].

2.10 LEMMA. If C is open, tc is upper semi-continuous. If C is closed, tc is lower semi-
continuous.

Proof. Assume that C' is open. It tc(p) < t, there exists s € [tc(p), t[ such that ¢(s,p) € C. By
continuity, ¢(s, q) € C for every ¢ in a neighborhood of p, so tc(¢) < s < t in such a neighborhood.

Assume that C is closed. If t¢(p) > t, choosing t' €]¢,tc(p)[ we have that ¢(s,p) belongs to
the open set M\\ C for every s € [0,%']. By continuity and compactness, ¢(s,q) € J/M\\ C for every
s € [0,'] and every ¢ in a neighborhood of p. Therefore, tc¢(¢) > ¢’ > t in such a neighborhood. O

Proof [of Theorem 2.8]. (i) By Proposition 2.2 (i), the orbit of every p € M either converges
to some rest point z € M for ¢ — 400, or eventually enters A. Since M is a neighborhood of
rest (X) and contains A, for every p € M the entrance time of ¢(-, p) in My,

tae (p) = inf {t € [0,t7(p)[ | &(t,p) € Mso}

is finite, and less than t*(p). Since M., is open, by Lemma 2.10 the function ¢y, is upper
semi-continuous.

On the other hand, the function ¢ is lower semi-continuous. A simple argument with partitions
of unity (also known as Dowker theorem, see [Dug78] VIIL.4.3) shows that on a paracompact
topological space we can always find a continuous function between an upper semi-continuous
function and a lower semi-continuous one. So we can find a continuous function s : M — R such
that t5, < s < t*. Then the continuous map

i (M, A) — (Ms, A), 7(p) = 6(s(p),p),

is a homotopical inverse of the inclusion ¢ : (My, A) — (M\, A), the homotopies id(]\?,A) ~ior

and id(pz_ a) ~ 7 04 being the map
([0,1] x M, [0,1] x A) — (M, A), (A,p) — d(As(p), D),

and its restriction to ([0,1] X My, [0,1] x A) into (M, A).

(ii) Let us prove that M is a cellular filtration. Since M is an open covering of M, we just
need to compute the singular homology of (M, My_1). Since M} is the union of the open sets
M;._1 and

U= | (0. +o0lx E; (p(a)),

z€resty (X)
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by excision the singular homology of (My, My_1) is isomorphic to the singular homology of

(Uk,Ux N My_1). Condition (34) implies that the open sets U(z) = ¢(]0, +o00[x on (p(x))),
x € resty(X), are pairwise disjoint, so

H,(My, My 1) = H (U, Uy "My 1) = P Ho(U(x),U(z) N Mg_1).

zEresty (X)

We shall prove that (U(x),U(x) N Mj_1) is homotopically equivalent to a k-dimensional disc
modulo its boundary, so that

0 ifj#k,

H;(U(z),U(z) N My—1) = { z ifj=k,

proving that M is a cellular filtration.

Set for simplicity p = p(z). By Lemma 1.10 (iii), E¥(p)x EZ (p) C U(x). Let p € U(x) \
E¥(p)x EZ (p). By Proposition 2.2 (ii), the orbit of p either eventually enters A, or converges
to a rest point y for ¢ — 4o00. In the latter case, y # = because of Theorem 1.20 (i), so by (34)

m(y) < k — 1. In both cases, the orbit of p eventually enters My _;. The upper semi-continuous
function

0 if p €, (),
th—l(p) ifp € U(Q’J)\ E, (p)7

is strictly less than the lower semi-continuous function ¢+, so we can find a continuous function
a:U(x) — [0,+o0[ such that a < a < tT, so that

a:U(x) - R, p—

o

(37) ¢(a(p),p) € My—1 Vp e U(z)\ E; (p).

Then we can define the continuous map

a: (EX(p)x B3 (). 0E4(p)x E3 (p) — (U(@).U(x) N Mi—1), pr éla(p).p).

By Theorem 1.20 (i), for every p € U(z) there holds

b(p) = sup {t et (0),0] | 6(t,p) € <p>} — max {t €] (p),0] | 6(t.p) € Ealp)}

so by Lemma 2.10 the function b : U(z) —] — o0, 0] is both lower and upper semi-continuous, hence
continuous. The map p — &(b(p),p) is the identity on E¥(p)x EZ (p), and maps all the other
points of U(x) into dEY(p)x EZ (p). Since by (34) E,(p) N Mj_1 = 0, the continuous map

B (U(),U(@) N My_1) — (BX(p)x B3 (p),0E%(0)x E3 (p), p— 6(b(p),p),

is well defined.
It is easy to check that o and § are homotopy inverses. Indeed,

(A, p) = B(d(Xa(p),p))

is a homotopy between 3 o a and the identity map on (E¥(p)x EZ (p),0E%(p)x EZ (p)). On the
other hand, by (37),

(A, p) = 9(a(p(Ab(p), p)), #(Ab(p), p))

is a homotopy between « o 8 and the map

(U(2),U(x) N Mg—1) = (U(x),U(z) V" My—1), p— ¢(a(p),p),
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which is clearly homotopy equivalent to the identity on (U(x),U(z) N My_1).

We conclude that (U(x),U(x)NMy_1) is homotopy equivalent to (EX(p)x EZ (p), 0E%(p)x E2
(p)), which is homotopy equivalent to (E¥(p), 0E¥(p)), a k-dimensional disc modulo its boundary.
The latter pair is homeomorphic to (Wy. ,(z),0Wjs. ,(x)), and the statement about the form of
the isomorphism ©y, easily follows.

(iii) Since My (p’) C My (p) for every k, j is a cellular map; we will construct a cellular homotopy
inverse of j of the form

(38) v(p) = ¢(c(p); p),

with ¢ a suitable positive continuous function.
Given p € M (p), set

k(p) ::min{k€N|p€W},

and
E(p) = tMm(p)(p/)(p)’

the entrance time of p into the open set M,y (p’). By (34), every point in My (p) either eventually
enters A or converges to a rest point « with m(z) < k; in both cases, p eventually enters M(p').
Therefore, ¢ < t7.

Since {Mp(p')}nez is a filtration, ¢y, (,r) is non-increasing in h, so

&(p) = min {tar, () (p) | 0 < h < k(p)} = min {tar, (o) (P)XA(P) | h € N},
where xp(p) = 1if h < k(p), i.e. p ¢ Mr_1(p), and xpn(p) = +oo otherwise; hence the positive func-
tion xj is upper semi-continuous. Since also Zpy, (,/) is upper semi-continuous and non-negative,
so is the function é.

Let ¢ : Ms(p) — R be a continuous function such that ¢ < ¢ < ¢, and let v : My (p) —
Moo (p') be the map defined in (38). By construction, v maps My (p) into My (p'), so it is a cellular
map. The cellular homotopies idps_(,) ~ j o~ and idps_(,1) ~ 7o j are given by the cellular map
(A, p) — &(Ae(p), p) on the respective domains.

If 0%(p) : (D¥,0DF) — (My(p), My_1(p)) and 6°(p') : (D, 0D%) — (My(p'), My, (p')) are
the continuous maps appearing in (ii), then j o 6%(p’) is homotopic to 6*(p), so the diagram (35)
commutes. O

2.8 Representation of 0, in terms of intersection numbers

Let us strengthen the Morse-Smale assumption (A7) by requiring:
(A7) X satisfies the Morse-Smale condition up to order 1.

In this case, the boundary operator d; of the Morse complex of X can be expressed in terms of
intersection numbers of unstable and stable manifolds of rest points of index difference 1.

First of all notice that if m(z) —m(y) = 1, the assumption (A7’) implies that W*(z) N W*(y)
is a flow-invariant 1-dimensional manifold, that is a discrete set of flow lines. We claim that
W(z)NW*(y) is compact: otherwise Corollary 2.4 would imply the existence of a “broken orbit”
from zyp = z to z;, = y, with intermediate rest points z1,...,zn,_1, for some h > 2. By the
Morse-Smale condition (up to order 0) m(zp) > m(z1) > -+ > m(zp), a contradiction because
m(zg) — m(zn) = 1. Therefore W*(z) N W?(y) consists of finitely many flow lines.

Let us fix an orientation of each unstable manifold W"(x). As we have seen in section 2.7,
this choice determines a preferred isomorphism Oy, : Cr(X) 2 Wi (X). Moreover, it determines an
orientation of each transverse intersection W*(x)NW?*(y). Indeed, the orientation of each unstable
manifold determines a co-orientation of each stable manifold (that is an orientation of its normal
bundle), and the transverse intersection of a finite dimensional oriented submanifold with a finite
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codimensional co-oriented submanifold carries a canonical orientation: if p € W*(z) N W*(y) and
V C T,W"(x) is a linear complement of T,(W"(z) N W*(y)) in T,W*(x), by transversality V is
also a complement of T,,W*(x) in T,M, so it is oriented, and the orientation of W*(x) N W*(y) is
the one for which
LW (z) = T,(W*(x) " W*(y)) & V

is an oriented sum.

In particular, if m(z) —m(y) = 1 each connected component W of W*(z)NW?(y) is an oriented
line, and we can define e(W) to be +1 if ¢ is orientation preserving on W, —1 otherwise. Then
we can define the integer

n(z,y) = Z e(W), Vz,y € rest (X), m(z) —m(y) = 1.
W connected component
of W (z)NW?*(y)

Assume that conditions (A1)-(A6), (A7’), and (A8) hold. Then we have the following fact.

2.11 THEOREM. In terms of the preferred isomorphism Oy : Cip(X) = Wi(X), the boundary
operator of the Morse complex of X has the form

(39) O = Z n(z,y)y, VYV €resty(X) C Cyp(X).
y€Erest_1(X)

Before proving this result, we recall that if o,, denotes the generator of H,,(S™) corresponding
to the standard orientation of 9D"*! = S™, that is the one for which R"*! = R¢ & T,S" is an
oriented sum, for every ¢ in S™, we have that the boundary homomorphism H,, (D"t dD"+1) —
H,(0D"™*1) maps wy, 41 into oy,.

2.12 EXERCISE. Let Ay, ..., Ay be pairwise disjoint closed n-discs in S™, with maps
h o
a': (D",0D") — <S”,S" \ U Ai> ,
i=1

mapping D™ homeomorphically onto A;, preserving the standard orientations. Let j : S™ —
(8™, 8™\ U?:l A;) be the inclusion. Then

Proof [of Theorem 2.11]. Notice first of all that by (A2) and (A6), for every x € rest (X) there
are finitely many rest points y € rest (X) with f(y) < f(x), so the sum appearing in (39) is finite.

Let p : rest (X) —]0, +o00[ be a function satisfying (34), and let My = My(p), for k € NU {oo}.
Let us fix a rest point x of Morse index k.

By the naturality of the boundary homomorphism of pairs in singular homology, we have the
commutative diagram

Hy,(D*,0D%) —% Hy,(My, My_1)

| l

Hy_1(0DF) —— Hy_1(My—1)

where a : 9D* — Mj,_; is the restriction of #%. The cellular boundary homomorphism 0, of the
cellular filtration { My, }rez is the composition of the right vertical arrow with the homomorphism
induced by the inclusion i : My_1 — (Mg_1, Mk_2). On the other hand, the left vertical arrow is
an isomorphism mapping wy, into oj_1. Therefore, 9y maps the generator 8% (wy,) of Hy(My, My_1)
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into éyau(og—1) € Hp—1(Mg_1, Mi_2), and we must express the latter element in terms of the
generators 0% (wg_1) of Hy_1(Mg_1, My_3), for y € resty_1(X).
By the Morse-Smale condition up to order 1,

O[_l U Ws(y) = {Cla"wgh}

yEresty_1(X)

is a finite subset of D*, and o maps all the other points into points which either belong to stable
manifolds of rest points of index less than k — 1, or eventually enter A; so the orbit of any point
in (0D \ {C1,...,Cn}) eventually enters My_o. Choose r > 0 so small that the closed 7-balls
B,(¢;) € 0D centered in (; are pairwise disjoint (k — 1)-discs. Let b : 9D* — R be a continuous
function such that

Xta, ,ca<b<ttoa,

where  is the characteristic function of the open set dD*\ (I, B, ((;), and tyy, _, is the entrance
time function into Mj_5. Then « is homotopic to the map

B:0D" = My—1, (= o(b(C), a(Q)),

SO
07 (wi) = 150 (0—1) = 0S5 (Ok—1)-

Denote by
yi o (DF1, 0D 1) — (My_1, My—2)

the composition of i o # with an orientation preserving homeomorphism
(Dk717 aDkil) - (PP(CZ)7 aBp(Cz))

Then the result of Exercise 2.12 shows that:
h
(40) 0% (wk) = ixBu(0h-1) = Y Yiw(wr-1)-
i=1

Fix some i € {1,...,h}, let y be the rest point of index k — 1 towards which the orbit of «/((;),
i.e. of 8(¢;), converges for ¢ — 400, and let W; be the connected component of W*(z) N W*(y)
consisting of such an orbit.

We claim that 7, is homotopic to either #Y, in the case e(W;) = 1, or to 6Y o u, where u is an
orientation reversing automorphism of (D¥~ dD*~1) in the case ¢(W;) = —1. Therefore

Yis(Wr—1) = €(W;)0Y (wr—1),

and (40) allows to conclude.

Let us proof the claim. Up to a small perturbation, we may assume that «; is a C! embedding of
a closed (k—1)-disc, meeting W*(y) transversally at the single point p = 7;(0). The diffeomorphism
7; induces an orientation of T,7;(D*~1), the one for which

T,W"(z) = RX (p) & T,%(D")

is an oriented sum. The differential of the flow D2¢(t,-) at p maps the tangent space of v;(D¥~1)
at p onto a subspace of Ty )M which converges to T, W"(y) for t — 400 (see for instance
[AMO3c], Theorem 2.1 (iii)). A first consequence is that the orientation of T,v;(D*~1) defined
above is €(W;) times the orientation obtained by seeing T},7;(D*¥~!) as a complement of T, W *(y)
in T, M. A second consequence is that, by the evolution of graphs of Lipschitz maps from Ej(r)
to £ (r) near the hyperbolic rest point y (see [Shu87], or [AMO1], Proposition A.3 and Addendum
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A.5), if 7 > 0 is small and ¢ > 0 is large then ¢({t} x v;(D*~1)) N E,(r) is the graph of a map?
T: EY(r) — E3(r). Let K C D! be the closed neighborhood of 0 such that

o({t} x v (K)) = graph.

Since K is a closed (k — 1)-disc, it is a deformation retract of D¥~!. Since the local unstable
manifold Wy¢.  (y) is also the graph of a map o* : Ej(r) — Ey(r), it is now easy to combine
the above maps to construct a homotopy between v; and an embedding of (D*~1,0D*~1) into
(W (y), W"(y) N My_s), which is orientation preserving, hence homotopic to 6Y, if e(W;) = 1,
orientation reversing, hence homotopic to 8¥ o p, if e(W;) = —1. O

2.9 How to remove the assumption (A8)

If we drop assumption (A8), there need not exist a function p satisfying (34), and it becomes
more difficult to associate a cellular filtration to X. Nevertheless, we can make the graded group
C,(X) into a chain complex by taking a direct limit of the Morse complexes on sublevels {f < a},
for a 7 sup f. On these domains indeed, there are finitely many rest points and condition (A7)
guarantees condition (A8). Not being forced to assume (A8) is a positive fact, in that assumption
(A7) can be more easily achieved by generic perturbations, as we shall see in section 2.12.

If the supremum of f on M is attained, by (A2) and (A6) X has finitely many rest points, so
(A8) is implied by (A7). Thus, we can assume that sup f is not attained.

For a < sup f, let W,(X)* be the Morse complex associated to Mo = AU {f < a}, and if
a<b<supf,let

Wap : Wa(X)® — W, (X)?

be the chain map induced by the inclusion M < MP®. The Morse complezr of X is defined to be
the chain complex
W (X):= lim W,(X)%,
alsup f

the limit of the direct system {W.(X), wq}. Notice that if (A8) holds, so that W, (X) is the chain
complex defined in section 2.7, the family of chain complexes {W.(X)*}q<sup s is identified with
an increasing and exhausting family of sub-complexes of W, (X), so this definition of the Morse
complex agrees with the previous one.

Since the homology of a direct limit of chain complexes is the direct limit of the homologies
(see [Dol80], VIII.5.20),

HkW*(X) = aTliH;fHkW*(X)a.

Similarly, the singular homology of an increasing union of open subsets is the limit of the singular
homologies (see [Dol80], VIII.5.22), so

Hy(M, A) = lim H(M°, A).

We conclude that the homology of the Morse complex of X is isomorphic to the singular homology
of (M, A),
H,(W,(X)) 2 H,(M,A) VEkeN.
Finally, having fixed an orientation for each unstable manifold, we have the isomorphisms

O : Cp(X)* = Wi (X)*,

Ci(X)® being the subgroup of Cy(X) generated by the rest points « with f(x) < a, and the limit
of this direct system defines an isomorphism

O : Cr(X) =2 Wi(X).

3This statement is part of the content of the so called A\-lemma, in the particular case of a gradient-like flow.
See [Pal69] and [PdM82].
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2.13 REMARK. Since the boundary of © € rest(X) in Cu(X) and in C.(X)* coincide when
f(x) <a<supf, the formula for the boundary homomorphism under the Morse-Smale condition
up to order 1 (Theorem 2.11) holds also without assuming (A8).

2.10 Morse functions on Hilbert manifolds

A particular but important case is the following situation: f is a C2 Morse function on a smooth
Hilbert manifold N, endowed with a C* Riemannian_metric g, —o0 < a < b < 400, M =
{peN|flp)<b}, M={peN|a< f(p) <b}, and X = =V, the negative gradient of f with
respect to the metric g. Let us see what the assumptions (A1)-(A8) look like in this situation.

In this case, of course, rest (X) = crit(f) N {a < f < b}, the set of critical points of f with
values between a and b. Condition (A2) is equivalent to saying that f is a Morse function on M,
and in condition (A3) the Morse index is the standard Morse index of a critical point of f|ps. The
set of critical points of f with index &k will be denoted by crity(f).

Condition (A4) is automatically fulfilled, f itself being a Lyapunov function for —V f, and so
is condition (A5).

In the case of a gradient flow the (PS) condition can be restated in the more familiar way:
the pair (f,g) satisfies the (PS) condition at level ¢ € R if every sequence (p,) C M such that
f(pn) — cand ||df (pn)|| — 0is compact (here the norm |-|| on 7% M is induced by the Riemannian
structure g). The assumption (A6) is equivalent to: (f,g) satisfies the (PS) condition at level ¢
for every ¢ € [a,b[, and a is a regular value for f.

As we shall see in section 2.12, the Morse-Smale condition required in (A7) can be always
achieved by perturbing the metric g. -

Finally, assumption (Al) is automatically fulfilled when (M, g) is complete. Indeed, the fol-
lowing fact holds.

2.14 PROPOSITION. Let f € C2(M, R) and a € R be such that the strip {a < f < ¢} is complete

(with respect to the geodesic distance d on M induced by the Riemannian metric g), for every
¢ < sup f. Then the vector field —V f is positively complete with respect to {f < a}.

Proof. Let p € M and consider the curve u : [0, (p)[— M, u(t) = ¢(t,p). If f(p) = sup f, then
p is a critical point of f, so tT(p) = +o0. If inf f o u < a then u(t) eventually enters {f < a}.

Therefore we can assume that f(p) < sup f and u([0,tT(p)[) C {a < f < f(p)}, and we must
prove that tT(p) = +oo. Let 0 < s < t. Then

fu(®)) = f(u(s)) =/ Df(u(r)[=V f(u(r))] dr = —/ 9(Vf(u(r)), Vf(u(r)))dr,

and the Cauchy-Schwarz inequality implies that

d(u(S),U(t))S/ Vo' (r),d(r)dr = [ /g(Vf(u(r)), Vf(u(r)))dr

3

N

<Vt—s (/ Q(Vf(u(T)),Vf(u(T)))dT) = Vit —s\/[(u(s)) - f(u(t))
<Vt—s\/f(p) —inf fou.

The above estimate shows that u is uniformly continuous. If by contradiction ¢*(p) < +oo, by
the completeness of the strip {a < f < f(p)} we deduce that u(t) converges for t — ¢ (p). But
then the solution u of v’ = —V f(u), u(0) = p, can be extended to a right neighborhood of t*(p),
contradicting the maximality of ¢+ (p). O

We summarize the above discussion into the following proposition.

2.15 PROPOSITION. Let f be a C? function on the smooth Hilbert manifold N, endowed with a
C' Riemannian metric g, and let —oo < a < b < 4+00. Assume that
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(B1) a is a reqular value of f;

(B2) f is a Morse function on {a < f < b}, and it has only critical points of finite Morse index
in such a strip;

(B3) for every c < b, the strip {a < f < ¢} is complete;
(B4) f satisfies the (PS) condition at every level ¢ € [a, b|.

Then, setting M = {f<b}, X = —Vfly and M = {a < f < b}, the conditions (A1)-(A6) are
fulfilled.

Notice that only (B3) and (B4) involve the metric. Moreover, if (B3) and (B4) hold for some
metric, they hold also for every uniformly equivalent metric.

Under the assumptions (B1)-(B4), the free Abelian group generated by the critical points of
f of index k in {a < f < b} will be denoted by Cx(f)%. The lower index will be omitted when
a < inf f, the upper index will be omitted when b = 4c0.

If —Vf satisfies also the Morse-Smale condition up to order 0 on {a < f < b}, the boundary

operator of the Morse complex of —V f on {a < f < b} will be denoted by

O(f.9)h : Cu(£)h — Creor ()}

Its homology is isomorphic to the singular homology of ({f < b}, {f < a}):
Hy({C.(1)5,0-(f,9)2}) = Hy({f < b}, {f < a}).

2.11 Basic results in transversality theory

In the following lemma we single out a useful family of linear mappings whose kernel is comple-
mented.

2.16 LEMMA. Let E, F,G be Banach spaces, and assume that A € L(E,G) has complemented
kernel and finite codimensional range. Then for every B € L(F,G) the kernel of the operator
Ce L(EXxF,QG),Cle f)=Ae— Bf, is complemented in E x F.

Proof. Let FEy := ker A, E1 be a closed complement of Ey in E, and Py, P, be the associated
projectors. Let Gy :=ran A, Gy be a (finite dimensional) complement of G in G, and @, Q1 be
the associated projectors. Then A induces an isomorphism from E; onto G, whose inverse will
be denoted by T' € L(G1, E1).

The equation C(e, f) = 0 is equivalent to APje = Bf, which is equivalent to the system

{ AP1€ = Qle7
QOBf = 07
again equivalent to

Ple = TQle7
41
(41) { QoBf =0.

Since Qo B has finite rank, its kernel - say Fj - has a (finite dimensional) complement F;. By (41),
the kernel of C' is

kerC = {(60 +TQle0,fo) ek xF ‘ eo € Ey, f() € Fo},

and the closed linear subspace F7 x F} is a complement of ker C'. O

Let us recall some definitions and basic facts about transversality in a Banach setting. A
classical reference for these topics is [AR67]. If ¢ : M — N is a C* map between Banach
manifolds, ¥ > 1, a point ¢ € N is said a regular value for ¢ if for every p € ¢~ 1({q}) the
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differential Dp(p) : T,M — TN is a left inverse, i.e. if it is onto and its kernel is complemented.
In this case, ¢~ 1({¢}) is a submanifold of class C*.

A C' map ¢ : M — N between Banach manifolds is said a Fredholm map if its differential at
every point is a Fredholm operator. When the index of the differential is constant (for instance
when M is connected), this integer is said the Fredholm index of .

2.17 PROPOSITION. Let M, N,O be Banach manifolds, and let ¢ € CY(M,N), 1 € C1(M,O) be
maps with reqular values p € N and q € O. Then:

(i) p is a regular value for ¢|y-1((qy) if and only if q is a reqular value for ¥|,-1((py);

(i) @ly-1(1q}) @8 a Fredholm map if and only if V|, -1 (1py) is a Fredholm map, in which case the
indices coincide.

This proposition is a consequence of the following linear statements.

2.18 PROPOSITION. Let E,F,G be Banach spaces, and let A € L(E,F), B € L(E,G) be left
inverses. Then:

(i) Alker B is a left inverse if and only if Blker A i a left inverse;
(1) Alker B s Fredholm if and only if Blxer o s Fredholm, in which case the indices coincide.

Proof. Let R € L(F,E) and S € L(G, E) be right inverses of A and B, respectively.

(i) If Ry € L(F,ker B) is a right inverse of Alke B, i.€. a right inverse of A with range in ker B,
the map Sy := (Ig — RoA)S is a right inverse of B, being a perturbation of S by an operator with
range in ker B, and it takes value in ker A because

ASy = AS — ARyAS = AS — I AS = 0.

Therefore, Sy is a right inverse of Blyer 4.
(ii) The kernels of Alxer p and Blger 4 coincide:

ker AlkerB = kerB|kerA = ker A Nker B.

Moreover, since R : F — RF is an isomorphism and since I — RA is a projector onto ker A,

F RF _ keA+RF _ E
Aker B~ RAkerB ~ ker A+ RAkerB  ker A+ ker B’

1=

coker Alxer B =

We conclude that the assertions in (ii) are equivalent, each of them being equivalent to the fact
that the pair of subspaces (ker A, ker B) is Fredholm, i.e. ker A Nker B is finite dimensional, and
ker A + ker B is finite codimensional*. The index of A|xe; p and of Blxer 4 equals the index of
(ker A, ker B),

ind (ker A, ker B) = dimker A Nker B — codim(ker A + ker B).
O

We recall that a subspace T" of a topological space T is said residual if it contains a countable
intersection of open and dense subspaces of T'. Baire theorem guarantees that a residual subspace
of a complete metric space is dense.

The following Sard-Smale Theorem, combined with Proposition 2.17, is the basic tool to deal
with transversality questions.

2.19 THEOREM. Let M, N be C" Banach manifolds, h > 1, with M Lindeldf. Let ¢ : M — N be
a C" Fredholm map of index m. If h > max{0,m} then the set of reqular values of ¢ is residual
in N.

The proof can be found in [Sma65].

4See also section 3.2.
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2.12 Genericity of the Morse-Smale condition

Let f be a C"*! real function, h > 1, on the smooth Hilbert manifold N, endowed with a
Riemannian metric g of class C". Let —0o < a < b < 400, and assume (B1)-(B4). The aim of
this section is to show that it is possible to perturb the metric g obtaining a uniformly equivalent
metric such that the associated negative gradient of f has the Morse-Smale property up to order
h. We shall assume N to be infinite dimensional and second countable (in particular, it is modeled
on a separable Hilbert space).

A well known theorem by Eells and Elworthy [EE70] implies that every infinite dimensional
Hilbert manifold can be smoothly embedded as an open subset of a Hilbert space. So we may
assume that IV is an open subset of the separable Hilbert space (H, (-, -))®.

Denote by Sym(H) the Banach space of self-adjoint bounded linear operators on H. The
metric g can be represented by a C* map G : N — Sym(H) taking values in the cone of positive
operators, such that

9(p)[&:n] =(G(p)§,n) Vpe N, V¢&,neT,N=H.

We shall always denote by a lower case letter a symmetric bilinear form, and by the corresponding
upper case letter the associated self-adjoint operator. The gradient of f with respect to the metric
gis Vyf(p) = G(p)~'V f(p), where V f denotes the gradient of f with respect to the Hilbert inner
product (-, ).

The Morse-Smale property will be achieved by rank 2 perturbations of G. In order to describe
the space of such perturbations, let § : N — [0, 4-00[ be a continuous function such that

(42) R T

Vp € N.

The vector space
K:={K¢e CH(N,Sym(H)) | rank K (p) < 2V¥p € N, 3¢ > 0 such that ||K(p)|| < cf(p) Vp € N}
is a Banach space with the norm

1K (p)|l
0(p)

As usual, the symbol C’gb denotes the space of maps whose differentials up to the h-th order are
continuous and bounded. Notice that the maps K € K vanish on the set of zeroes of 6. By (42),
for every p € N

K|k = [IKlcr + sup
0(p)#0

IGE) K@ < I1GE) T IKkb®) < 1Kk,

so if [|[K|jx <1, G+ K = G(I + G™'K) is positive, and defines a metric g + k which is uniformly
equivalent to g. Denote by Ky the open unit ball of K. The main result of this section is the
following theorem.

2.20 THEOREM. Let f be a C"*1 function, h > 1, on the smooth second countable Hilbert manifold
N C H, endowed with a Riemannian metric g of class C". Let —0co < a < b < 400, and assume
(B2). Assume that the continuous function 0 : N — [0, +oo]| satisfies (42), that its set of zeroes
is the closure of an open set, and that it has the following property: if x,y are critical points in
{a < f < b} with m(z) —m(y) < h, such that W"(x) and W*(y) (with respect to —V 4f) have a
non-transverse intersection at p, then 6 > 0 somewhere on the orbit of p.

Then for every K in a residual subspace of K1, the metric g+ k associated to G + K s such
that the vector field —V 41 f satisfies the Morse-Smale property up to order h.

5Viewing N as an open subset of a Hilbert space is useful to simplify the notation (some spaces of maps are
Banach spaces and not Banach manifolds, some sections of Banach bundles are just maps between Banach spaces,
and so on) but it is by no means necessary. Therefore the results of this section hold also for a finite dimensional
N which is not diffeomorphic to an open subset of R™.
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Notice that high regularity of f and g is needed if we want to achieve the Morse-Smale property
up to a high order. This phenomenon is determined by the regularity versus Fredholm index
assumption required by the Sard-Smale Theorem 2.19. In a finite dimensional setting this problem
does not occur because there C" functions can always be C*-approximated by smooth ones, while
such an approximation may not be possible on an infinite dimensional Hilbert space (see for
instance [NS73, LL86]). Notice that C? regularity of f is enough to get the Morse-Smale property
up to order 1, which is just what we need in order to have the Morse complex and to represent it
by intersection numbers.

The possibility of having a function 8 which vanishes on some regions where the intersections
are already transversal and which can be very small elsewhere will be useful in section 2.13.

Let us set up the proof of Theorem 2.20. Fix two critical points © # y in {a < f < b} with
m(x) — m(y) < h, and consider the space of curves

C=C(z,y) := {u € C*(R,N) | t_lir_noo u(t) = =, t_léinoo u(t) =y, t_lirinoo u'(t) = 0} .

The space C is a smooth Banach manifold, being an open subset of an affine Banach space modeled
on C3(R, H) (the spaces C are defined in section 1.2). Therefore, T,,C = C}(R, H). The map

U:Cx Ky — CYRH), (u,K)—u +Vyipflu)=u+(G+K) ' (u)VFf(u),

is of class C", and its zeroes are the pairs (u, K) such that u is a negative gradient flow line of
f with respect to the metric g + k, going from x to y. Set Z := ¥~1({0}). The following two
lemmas describe some properties of the differential of ¥ with respect to the first, respectively the
second variable.

2.21 LEMMA. Let (u,K) € Z. Then:
(i) the operator D1V (u, K) : T,C — CY(R, H) is Fredholm of index m(z) — m(y);

(i) the operator D1¥(u, K) is onto if and only if the unstable manifold of x and the stable
manifold of y with respect to the vector field —V g1 f intersect transversally at u(t) for some
(hence all) t € R;

(iii) if w € C§(R,H) and a < b are real numbers, then there exists v € T,C such that

D1V (u, K)[](t) = w(t) Vt€]—oo,a]Ub,+o0].
Proof. The differential of ¥ with respect to the first variable is of the form
D1V (u,K): CY{R,H) — CY(R,H), v — Av,
where A : R — L(H) is defined by
A(t) == —(G + K)"H(u(t)) D* f(u(t)) — D(G + K) ™) (u(®)V f(u(t)).

Since u(t) converges to x, resp. to y, for t — —oo, resp. t — +00, A(t) converges in norm to the
operators

A(=00) = —(G + K)"H(2)D*f(x) = — Vi, f(2),

A(+o0) = —(G + K) " (y)D*fy) =~V f (W),
which are hyperbolic, and have positive eigenspaces of dimension m(z) and m(y), respectively.
Then (i) follows from Proposition 1.8. Claim (ii) follows from the second identity in (9), and from

the identities

As for claim (iii), up to a translation we may assume that ¢ < 0 < b. Then the conclusion follows
from Proposition 1.6 (i), applied to Aljy 4oc] and to Alj_og o)(—)- O
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2.22 LEMMA. Let (u,K) € Z, and let a < b be real numbers such that 0(u(t)) # 0 for every
t € [a,b]. Let w € C"(R,H) be a curve with support in [a,b]. Then there exists J € K such that
DoV (u, K)[J] = w.

Proof. The differential of ¥ with respect to the second variable is
Dy ¥ (u, K)[J] = —(G + K) ™! (u) J (u)(G + K) " (u)V f(u).

Since (u, K) € Z, the curve u is a flow line of the vector field —V 4k f going from = to y. In
particular, v is a C"*! embedding of R into N, and V fg+k © u never vanishes.

It is easy to find a C" curve Jy : R — Sym(H) with support in [a,b] such that for every
t € R the symmetric operator J(t) has rank not exceeding 2, and maps the non-zero vector
(G+ K) M u®)Vf(u(t)) = Vi f(u(t)) into the vector —(G + K)(u(t))w(t). Indeed, one may
write an explicit formula for Jy by noticing that if £ # 0 and 1 are two elements of H, the bounded

linear operator on H

6.0, , 0.0, _ Em
€12 4E l§1*
is self-adjoint, has rank not exceeding 2, vanishes when 1 = 0, maps £ into 7, and depends smoothly
on (&§,m) € (H\{0}) x H.

Since u is a C"*1 embedding, given § > 0 we can find an open neighborhood U of u(]a—§, b+4[)
and a C"*1 submersion 7 : U —]a—d, b+6[ such that 7(u(t)) = t for every t €]a—6, b+4[. Since 0 is
positive on u([a, b]), up to choosing a smaller § and a smaller U we may assume that infy; 8 > 0, and
also that 7 has bounded derivatives up to order h+ 1. If ¢ € C;°(H, R) is a cut-off function with
support in U and taking value 1 on u([a,b]), the C" map J : N — Sym(H), J(p) = ¥ (p)Jo(7(p)),
belongs to K and has the required property. O

(—

5_ 57

The following lemma is the key point in the proof of Theorem 2.20.

2.23 LEMMA. Let (u, K) € Z. Then the differential DV (u,K) : T,C x K — CJ(R, H) is a left
wmnuverse.

Proof. We must prove that the operator
DY (u, K)[(v,J)] = D1Y(u, K)[v] + D2¥ (u, K)[J]

is onto and that its kernel is complemented in T,,C xKC. By Lemma 2.21 (i), the operator Dy ¥ (u, K)
is Fredholm, so Lemma 2.16 implies that ker DU (u, K) is complemented in T,,C x K. Moreover,
the range of DU (u, K) contains the range of D1 ¥ (u, K), in particular it has finite codimension.

If owu(t) =0 for every t € R, also K o u vanishes identically, so Vyyifou = V,f ou,
and (recalling that the set of zeroes of 6 is the closure of an open set) the tangent spaces of
the unstable and stable manifolds of x and y along u are the same for —V 4. f and for =V, f.
Therefore, the assumption of Theorem 2.20 guarantees that these manifolds meet transversally
along u. By Lemma 2.21 (ii), D1¥(u, K) is onto, and so is DU (u, K).

If 6 o u is not identically zero, we can find real numbers a < b such that 6(u(t)) # 0 for every
t € [a,b]. Let w € CJ(R, H) and let € > 0. By Lemma 2.21 (iii), there exists v € T},C such that

Dy ¥ (u, K)[v](t) = w(t) Vte]—oo,a]lUlb,+o0l.

The curve w — D1 ¥(u, K)[v] is continuous and has support in [a,b], and we can find a C" curve
z : R — H with support in [a, b] such that

2 = (w = Dy ¥ (u, K)[o])]loe < c.

Since z has support in [a, b], where 6 o u does not vanish, by Lemma 2.22 there exists J € K such
that DoW(u, K)[J] = z. Hence

1DT(u, K)[(v, J)] — w]loo = |D1Y(u, K)[v] + 2z — w||oo < €.
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Therefore, DU (u, K) has dense and finite codimensional range, so it is onto. O

In particular, Z is a C* submanifold of C x K;. Let 7 be the restriction to Z of the projection
onto the second factor in the product C x Kj.

2.24 LEMMA. The map 7 : Z — Ky is Fredholm of index m(x) — m(y).

Proof. Everything follows from Proposition 2.17 (ii), applied to M = C x K1, N = K1, O =
CY(R,H), ¢ : C x K1 — K1 projection onto the second factor, 1) = ¥, together with Lemma 2.21
(i) and Proposition 2.23. O

Denote by H(x,y) the set of regular values of .
2.25 LEMMA. The set H(z,y) is residual in K;.

Proof. Notice that R acts freely on the submanifold Z by (¢, (u, K)) — (u(t+-), K), and the map
7 is invariant with respect to this action. Therefore, the quotient space Z=2z /R is still a C*
manifold, and the induced map 7 : Z — K is of class C" and Fredholm index m(z) —m(y) —1 <
h — 1, by Lemma 2.24. Moreover, K is a regular value for 7 if and only if it is a regular value for
.

Since N, and thus H, is assumed to be second countable, C x K is second countable, and so
are Z and Z. Since the level of differentiability of 7 is strictly greater than its Fredholm index, the
Sard-Smale Theorem 2.19 implies that the set of regular values of 7 - and thus of 7 - is residual
in ICl. O

Proof [of Theorem 2.20]. By Proposition 2.17 (i), H(z,y) is also the set of K € Ky for which the
map ¥(-, K) : C(z,y) — CJ(R, H) has 0 as a regular value. By Lemma 2.21 (ii), H(z,y) is also
the set of K € K7 such that the unstable manifold of = and the stable manifold of y with respect
to =V, f meet transversally. By Lemma 2.25, the countable intersection

N H(z,y)
z,y€crit(f)N{a< f<b}
z#y, m(z)—m(y)<h

is the required residual subset of K. O

2.13 Invariance of the Morse complex

Let f € C*(M) be a Morse function on the smooth second countable Hilbert manifold M, with
critical points of finite index. Assume that f is bounded below and that M admits a complete
Riemannian metric g such that (f,g) satisfies the Palais-Smale condition. We know from the
previous section that by perturbing g we can achieve also the Morse-Smale property up to order
1. In general, different Morse-Smale metrics will produce different Morse complexes: the groups
Ck(f) are the same, but the boundary operators 9y may vary. Of course the homology of the Morse
complex does not vary, being isomorphic to the singular homology of M, but we can say more:
varying the metric we obtain isomorphic chain complexes. This fact was observed by Cornea and
Ranicki [CRO3] (together with other rigidity results) for compact manifolds, and for some cases

of Floer theory. The proof we give here in our infinite dimensional situation uses an idea from
[AMO1] (see also [Poz91]).

2.26 THEOREM. Let f € C?(M) be a Morse function, bounded below, having only critical points
of finite Morse index. Let gy and g1 be complete Riemannian metrics on M, such that both (f, go)
and (f, g1) satisfy (PS) and the Morse-Smale property up to order 1. Then there is a chain complex
isomorphism

(O3 {C*(f),a*(f7g())} = {C*(f)aa*(fa gl)}
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of the form

(43) Sr =+ Z n(x,y)y, V€ critp(f), k€N,

y€Eeritg (f)
fy)<f(=)

for suitable integers n(xz,y).
The following Lemma will be needed in the proof:

2.27 LEMMA. Let a be a non-degenerate continuous symmetric bilinear form on the real Hilbert
space (H,(-,-)), with either finite Morse index or finite Morse co-index. Let to > 0, and let
t— (-, )¢, t €R, be a continuous path of inner products on H - equivalent to (-,-) - constant for
t > to and fort < —tg. Let A(t) be the (-,-)¢-self-adjoint bounded operator on H representing a
with respect to the inner product (-,-Y¢: a(&,n) = (A(t)E,n)¢ for every &,m € H. Then the linear
stable and unstable spaces of the path A (see section 1.2) satisfy

H=W;oWy.

Proof. The path A is continuous and it is constant for ¢ > tg and for ¢t < —ty. Let us assume that
a has finite Morse index, the other case being easily reducible to this one. The linear stable space
W$ has dimension m(a), the Morse index of a, while the linear unstable space WY is closed and
has codimension m(a). Therefore, it is enough to prove that W5 N WY = (0).

Let up € Wi NW34, and let u: R — H be the solution of the linear Cauchy problem

{ u'(t) = A()u(t),
u(0) = ug

Since A is constant for ¢ > to and for t < —t,
u(t) = @Ay (o) Wt > 1y, u(t) = etHOATy (1) VE < —ty.

Since u(t) — 0 for [t| — 0, we deduce that u(tg) belongs to the negative eigenspace of A(tp), and
u(—tp) belongs to the positive eigenspace of A(—tg). Since both A(tg) and A(—tg) represent the
symmetric form a, we have

(44) a(u(to), u(to)) <0, a(u(—to),u(—to)) > 0.
On the other hand, since A(t) represent a for every ¢, the inequality

5 Sralu(0), u(t) = alu(t), /(1) = a(u(t), A©u(r) = (AEu(2), A@u(e): 2 0

0 for every t € [—to,to] (hence for every ¢t € R),

is compatible with (44) if and only if u(t) =
= (0). O

proving that ug = 0. Therefore W3 N W}

Proof [of Theorem 2.26]. We introduce the smooth Morse function
0:R—R, os)=2s—3s>+1,

which has two critical points, namely a local maximum at 0, with ¢(0) = 1, and a local minimum
at 1, with ¢(1) = 0. Moreover ¢'(s) diverges for |s| — +o0.
On the manifold M = R x M consider the C? function

F:M =R, f(s,p)=0(s)+ f(p).

It is a Morse function, with critical points of finite Morse index, and

crit (f) = ({0} x critp—1(f)) U ({1} x critg(f)),
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for every k € N. Therefore

(45) Cr(f) = Cra(f) @ Cr(f), VkeN,

the first group in the sum corresponding to the critical points in {0} x M, the second one to critical
points in {1} x M.
If x : R — [0,1] is a smooth cut-off function such that x(s) =1 for s < 1/3 and x(s) = 0 for

s >2/3, we can consider the complete Riemannian metric on M

9(s,p)[(0,€), (0", &) = 00" + x(5)g0(P)[€, §'T + (1 = x(5)) 91 (P)[€, €],

for every (o,§), (0',&') € T(syp)M =ReT,M.

Let ((sn,pn)) be a (PS) sequence for (f,§). Since |[V3f(s,p)llz > |¢'(s)], we can find a
subsequence of (s, ) which converges either to 0 or to 1. Since (f, go) and (f, g1) satisfy (PS) and
9(s,)l(0y@ra is just go for s close to 0 and g; for s close to 1, we conclude that (f, g) satisfies
(PS).

Let us examine the negative gradient flow of f with respect to the metric g.

(i) The hyper-surfaces {0} x M and {1} x M are flow-invariant, and the restriction of the flow
to {i} x M is nothing else but the negative gradient flow of f with respect to the metric g;,
for i =0, 1.

Moreover the invariant set {0} x M is a repeller, while {1} x M is an attractor. Therefore:

(ii) The only flow lines going from a critical point in {i} x M to a critical point in the same
hyper-surface are those which are fully contained in {i} x M, for i =0, 1.

(iii) There are no flow lines going from a critical point in {1} x M to a critical point in {0} x M.

If we view f as a function on M , we have
(46) Df(s,p)[~V3f(s,p)] = Df(5,0)[(=¢'(8), = V(5.0 f ()] = = V(5,0 F (P 3¢s..)-

This implies that f is almost a Lyapunov function for the vector field -V f:

(iv) f decreases strictly on all the non-constant orbits, apart from those of the form
t— (s(t),z), with z € crit(f), s'(t) = —¢'(s(t)).

In particular, up to time shifts there is exactly one flow line going from (0,z) to (1,z), for
x € crit(f), namely the orbit

' (3(t)),

(47) t — (5(t),z), with { j((ot))__;

We claim that the intersection W*((0,z)) N W*((1,z)) =]0,1[x{z} is transverse. Indeed, by
linearizing along the flow line (5(t),x), we easily see that

T(1/2,ac)Wu((0a SU)) =R® va T(l/Q,x)WS((]-vm)) =R Wja

where the bounded linear operator A(t) : T,M — T, M is minus the Hessian of f at the critical
point z with respect to the inner product

9(53(t), )| 0yer,ar = X(3(t))go + (1 — x(5(t))) g1

Then A(t) represents the second differential of f at x with respect to the above inner product, so
by Lemma 2.27, T, M = W3 @ W}. Therefore

T /2,W*((0,2)) & T1/2,0W*((1,2)) =R T, M = T(1/2,z)1\7,
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proving transversality.

The vector field -V f need not satisfy the Morse-Smale condition up to order 1, but the only
points where transversality can fail are the intersections of the unstable manifold of a critical point
(0, z) with the stable manifold of a critical point (1,y), with  # y critical points of f. We can
perturb the metric g in order to achieve the Morse-Smale property up to order 1 without loosing
the nice features (i)-(iv) of the vector field —V;f. More precisely, by Theorem 2.20, taking into

account (46), we can find a complete metric g on M such that
(a) (f,g) satisfies (PS);

(b) g coincides with g on the sets | — 00,1/3] x M, [2/3, +oo[xM, and R x U, where U C M is
a neighborhood of crit(f);

(c) Df(s,p)[=Vyf(s,p)] < 0if p ¢ crit(f);
(d) (f, g) satisfies the Morse-Smale property up to order 1.

Indeed, the function @ appearing in the statement of Theorem 2.20 can be chosen to vanish on the
regions indicated in (b), where the intersections are already transverse, and to be so small that
the metrics belonging to the space of perturbations satisfy (c). By property (b), the flow of =V, f
still satisfies (i), (ii), (iii). By (c), it satisfies also (iv).

We can now consider the Morse complex of ( 1, g) relative to the sublevel { f <inf f— 1}. Notice
that this sublevel contains no critical points. The boundary operator Oy ( f ,g) can be described by
using Theorem 2.11 and Remark 2.13. To this purpose, it is convenient to choose the orientations
of the unstable manifolds in the following way: since for every x € crit(f) there is a privileged
isomorphism

TW*(2; =V f) = T,W" (2; =V, f),

namely the restriction to the first space of the projection onto the first factor in the splitting
ToM =T, W"(x; =V, f) ®T,W?*(x; =V, ),

we can endow these two spaces with orientations which are compatible with this isomorphism.
Then ~
T,y W"((0,2); =Vgf) = R® T, W"(2; =V, f)

and ~
Ta,oyW*((L,2); =V f) = (0) & TuW" (2; =V, f)

can be given the product orientations by the the standard orientations of R and (0). In this way,
we have chosen an orientation for the unstable manifold of each critical point of f. With this
choice the transverse intersection

(48) WH((0,2)) N W2((1, 2)) =0, 1[x{x}

is given the orientation corresponding to the vector 9/ds, which agrees with the direction of the
flow.
By (i), (ii), (iii), and (45) the boundary operator

O(f,9) : Cr1(f) © Cr(f) — Cr—2(f) ® Cr—1(f)

= v Ok=1(f,90) 0
I(f.9) —( k<I>k_1 i O (f91) >’

P, : Ci(f) — C(f)-
The fact that d,(f,g) is a boundary, i.e. 9 (f, g) Orr1(f,g) = 0, implies that

Qp_1 0k (f, 90) = On(f, 91) Pi,

can be written as

for some homomorphism
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that is (®g)ren is a chain homomorphism from the Morse complex of (f, gg) to the Morse complex

of (fa gl)

By (iv), the intersection
WH((0,2); =V f) N W3 ((1,9); =V f)

can be non-empty only if f(y) < f(z) or = y, and in the latter case it consists of the single orbit
(48).

Together with the previous discussion on orientations, this fact implies that ® has the form
(43). So if we order the critical points of f with Morse index k by increasing value of f, we see
that the homomorphism @y, is represented by an upper-triangular matrix, with 1 on the diagonal
entries. A homomorphism of this form must be an isomorphism: this is well known when Cy(f)
has finite rank, because in this case ® is represented by a finite matrix with determinant 1, an
invertible element of Z, but it remains true if the rank of Ci(f) is infinite. Indeed if 1, o, ...
are the critical points of index k ordered by increasing value of f, the inverse of & is defined

inductively by
h—1

—1 —1 -1
O =a1, P xp=op— Zn(wh,xi)fbk x;, Vh>2.
i=1

2.28 EXERCISE. Generalize this result to the case of a strip {a < f < b}.

2.29 EXERCISE. When f satisfies the condition (A8), it is possible to obtain the same conclusion of
Theorem 2.26 by looking directly at the two cellular filtrations induced by the two negative gradient
flows. Prove this fact. Then use the limit arguments of section 2.9 to prove Theorem 2.26 under
the hypothesis that (f,go) and (f,g1) satisfy the Morse-Smale condition only up to order 0.

3 The Morse complex in the case of infinite Morse indices

3.1 The program

In this part we will consider a gradient-like C'! vector field X on a Hilbert manifold M, whose rest
points have infinite Morse index and co-index. In this case, the stable and the unstable manifolds
of rest points are infinite dimensional, and the flow of X does not produce a meaningful cellular
filtration of M. Indeed, the infinite dimensional Hilbert ball is retractable onto its boundary, so
the rest points of X are homotopically invisible.

However, we may hope that in some cases the unstable and the stable manifolds of pairs of
rest points have finite dimensional intersections. If this holds, we could use the formula for the
boundary operator of Theorem 2.11 not as a description, but rather as the definition of the Morse
complex. Our program is to follow this idea.

Of course this program cannot be pursued in full generality. A first reason is that in general
the unstable and stable manifolds may not have finite dimensional intersections. A deeper reason
is that the setting of gradient-like flows for a Morse function with critical points of infinite Morse
index and co-index has too little rigidity. For instance, the following result was proved in [AMO04].
A sketch of the proof will be presented at the end of section 3.3.

3.1 THEOREM. Let f : M — R be a smooth Morse function on a separable Hilbert manifold,
whose critical points have infinite Morse index and co-index. Let a : crit(f) — Z be an arbitrary
function. Then there exists a Riemannian metric g on M such that the corresponding negative
gradient flow of f has the following property: for every pair of critical points x,y, the intersection
W(x) N W*(y) is transverse and - if non-empty - has dimension a(z) — a(y).

Moreover, the metric g can be chosen to be uniformly equivalent to any given metric go on M.
Finally, if (x;,y:), i =1,...,k, are pairs of critical points such that x; and y; can be connected by
a path w; : [0,1] — M such that D f(u;(t))[u;(t)] is negative for every t €]0, 1], the metric g can

be chosen in such a way that W*(x;) N W3 (y;) is not empty.
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Therefore the situation is drastically less rigid than the case of finite Morse indices, where
the Morse index of a critical point does not involve the metric, and where we have seen that the
isomorphism class of the Morse complex does not depend on the metric, and that its homology
does not even depend on f.

Let us examine an other example of the lack of rigidity determined by infinite Morse indices
and co-indices. We have seen that when the Morse indices are finite, the transverse intersection
W(x) N W?(y) is always orientable, and each of its components has the same dimension m(z) —
m(y). On the other hand, if Z is any separable Hilbert manifold (finite dimensional or not,
possibly with components of different dimension), there exists a smooth gradient-like flow on the
Hilbert space H with exactly two rest points 2 and y, such that the intersection W*(z) N W*(y)
is transverse and diffeomorphic to Z x R (see [AMO3b], section 4).

These phenomena suggest that a Morse theory for functions f : M — R with critical points of
infinite Morse index and co-index requires more structure than just the pair (M, f). Our choice
will be to consider a sub-bundle V of T'M, suitably compatible with the gradient-like flow.

3.2 Fredholm pairs and compact perturbations of linear subspaces

Before proceeding, we need to review some facts about the Hilbert Grassmannian Gr(H), the set
of all closed linear subspaces of the separable Hilbert space H. See [AM03a] for a more complete
presentation. If V' € Gr(H), we shall denote by Py the orthogonal projection onto V. The set
Gr(H) is a complete metric space with the distance dist (V, W) := ||Py — Pw||. The connected
components of Gr(H) are the subspaces

Grpm(H) ={V € Gr(H) | dimV = n, codimV = m},where n,m € NU {0}, n+m = 0.

A pair (V,W) € Gr(H) x Gr(H) is a Fredholm pair if V. N W is finite dimensional and V + W
is finite codimensional. In this case, the number ind (V, W) := dim VN W — codim(V + W) is said
the Fredholm index of (V,W). The space of Fredholm pairs, denoted by Fp(H), is an open subset
of Gr(H) x Gr(H), and the Fredholm index is a continuous (i.e. locally constant) function on it.

Let W € Gr(H). A closed linear subspace V is a compact perturbation of W if the operator
Py — Py is compact. In this case, the pair (V, WL) is Fredholm, and its index is said the relative
dimension of V' with respect to W, denoted by

dim(V, W) := ind (V,W+) =dimV N W+ —dim V- nW.

If (V, W) is a Fredholm pair and Z is a compact perturbation of V', then (Z, W) is still a Fredholm
pair, and its index is

(49) ind (Z,W) =ind (V,W) + dim(Z, V).

3.3 Finite dimensional intersections

Let M be a smooth Hilbert manifold, and let X be a C' Morse vector field on M, with local
flow ¢ : Q(X) — M. We shall always assume that X has a Lyapunov function f. In view of
Remark 1.21 (ii), we shall assume that f € C?(M) and that it is a non-degenerate Lyapunov
function, meaning that for every = € rest (X) the quadratic form & — D2 f(x)[¢, €] is coercive on
E*(VX(x)), while £ — —D?f(x)[€,£] is coercive on E*(VX (x)).

Let V be a smooth sub-bundle of TM, and let P be a projector onto V: P is a smooth section
of the bundle of endomorphisms of T'M such that for every p € M, P(p) € L(T,M) is a projector
onto V(p). We shall assume the following compatibility conditions between X and V:

(C1) for every = € rest (X), the positive eigenspace E*(VX(x)) of the Jacobian of X at = is a
compact perturbation of V(x);

(C2) for every p € M, the operator (LxP)(p)P(p) is compact.
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Here LxP denotes the Lie derivative of P along X. By (C1), we can define the relative Morse
index of the rest point x with respect to V to be the integer

m(z,V) = dim(E“(VX(z)), V(z)).

Condition (C2) depends only on the sub-bundle V, and not on the choice of the projector P
onto it. Notice that the sub-bundle V is ¢-invariant (in the sense that Dad(t, p)V(p) = V(o (¢, p))
for every (t,p) € Q(X)) if and only if (LxP)P = 0. Condition (C2) is equivalent to the fact
that V is ¢-essentially invariant: Dog(t,p)V(p) is a compact perturbation of V(¢(t, p)), for every
(t,p) € Q(X). When M is an open subset of the Hilbert space H, and V is a constant sub-bundle
V =V € Gr(H), so that we can choose P = Py, there holds

(50) (LxP)P = [DX, Py|Py = (I — Py)DXPy.

These assumptions have the following consequence.

3.2 PROPOSITION. Assume that the Morse vector field X satisfies (C1) and (C2) with respect to
the sub-bundle V. Then for every x € rest (X):

(1) for every p € W"(z), T,W"(x) is a compact perturbation of V(p), with

dim(T,W"(z), V(p)) = m(z, V);

(ii) for every p € W*(x), the pair (T,W*(z),V(p)) is Fredholm, with

ind (T,W?*(z), V(p)) = —m(z, V).

So loosely speaking, W*(x) is essentially parallel to V, while W#(x) is essentially normal to V.

Let us sketch the proof of the first claim in a simpler case: we assume that M is an open set
of the Hilbert space H, and that V =V € Gr(H) is a constant sub-bundle. Let p € W*(x), and
let u(t) := ¢(t,p) be the orbit of p. By linearization along u, using the notation of section 1.2, we
have that

(51) T,W*(x) = W,

where A(t) := DX (u(t)). By (C1), W := T,W%(z) = E*(A(—0o0)) is a compact perturbation of
V. By (C2), the operator [A(t), Py | Py is compact for every ¢, and so is the operator [A(t), Pw|Pw .
Set

B(t) := A(t) — [A(®), Pw]Pw,

so that B(—o0) = A(—o0) = DX (z), E*(B(—0)) = W, and B(t)W C W for every t. These facts
easily imply that Wj = W. On the other hand, since A(t) — B(t) is compact for every ¢, W} is a
compact perturbation of W = W, hence of V. By (51), T,W*(z) is a compact perturbation of
V. The formula for its relative dimension with respect to V follows by continuity.

The proof of claim (ii) is simpler. Since the set of Fredholm pairs is open and the index is locally
constant, by (C1) the pair (T,W*(x),V(p)) is Fredholm of index —m(x,V) for every p € W*(x)
in a neighborhood of z. The tangent bundle TW?#(x) is ¢-invariant, and by (C2) the sub-bundle
V is ¢-essentially invariant, so these facts remain true for every p € W#(zx).

By (49), Proposition 3.2 has the following easy corollary.

3.3 COROLLARY. Assume that the Morse vector field X satisfies (C1) and (C2) with respect to the
sub-bundle V. Let x,y € rest (X), and assume that W*(x) and W*(y) meet transversally. Then
W¥(z) N W*(y) is a submanifold of dimension m(z,V) —m(y, V).
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We conclude this section by sketching the proof of Theorem 3.1. By the already mentioned
embedding theorem of Eells and Elworthy [EE70], we can embed M as an open subset of the
separable Hilbert space H. By modifying this embedding near the critical points of f, and by
using the Morse Lemma (see for instance [Pal63]), we may assume that f is quadratic near every
critical point x:

flo+€) = J(2) + 5(A@EE),  for [¢] small,

for some self-adjoint invertible operator A(x). Fix a closed linear subspace V' of H, with infinite
dimension and codimension. By a further modification of the embedding, we may also rotate small
neighborhoods of the critical points in such a way that the negative eigenspace E*(A(x)) of the
operator A(zx) is a compact perturbation of V', of relative dimension a(z). Here we actually need
to use Kuiper’s theorem [Kui65], stating the orthogonal group of H is contractible.

It is now easy to build a vector field X having f as a non-degenerate Lyapunov function, and
which satisfies (C1) and (C2) with respect to the constant sub-bundle V. Indeed, near a critical
point  one may choose X to be the linear vector field

(52) X(e+§) = -Vf(e+€) = —A), for [¢] small.

Since the negative eigenspace of A(x) is a compact perturbation of V of relative dimension a(z),
X satisfies (C1) and x has relative Morse index m(z, V') = a(x). The linear vector field X satisfies
also (C2). Indeed by (50),

(LxPv)Py = —(I — Pv)A(z)Py = —Py . Pps(a@)A(@) Py — Py A(2) Ppe(a) Py,

and the operators Py 1 Ppgs(a(z)) and Pgu(a(.)) Py are compact because E°(A(r)) is a compact
perturbation of V. If p € M is not a critical point, we may choose X to be the constant vector
field X (p+¢&) = —Vf(p), for every £ so small that Df(p+&)[—V f(p)] < 0. Every constant vector
field trivially satisfies (C2) with respect to the constant sub-bundle V.

These local definitions of X can be patched together by a smooth partition of unity. In
this way one can build a vector field X satisfying (52) near critical points, so that (C1) holds.
The set of vector fields satisfying condition (C2) is a module over the ring of real functions, so
X satisfies (C2). Having f as a Lyapunov function is a convex condition, so f is a Lyapunov
function for X. Up to a small perturbation, we may assume that X also satisfies the Morse-
Smale condition. Then Corollary 3.3 implies that W*(x) N W*(y) is a submanifold of dimension
m(x,V)—m(y,V) = a(z) — a(y). The fact that X is actually the negative gradient of f near the
critical points makes it possible to find a metric g on M such that X = -V f.

We refer to [AMO04] for details on how to keep g uniformly equivalent to a given metric, and
on how to obtain that W*"(z;) N W*(y;) is non-empty for every i = 1.... k.

3.4 Essential sub-bundles

It is readily seen that if X satisfies (C1) and (C2) with respect to a sub-bundle V), then it satisfies
(C1) and (C2) also with respect to a sub-bundle W which at every point is a compact perturbation
of V. This fact suggests the possibility of weakening the structure, fixing only an essential sub-
bundle of TM.

In order to make this precise, we need to introduce the essential Grassmannians of a Hilbert
space. See again [AMO3b] for a complete discussion. The essential Grassmannian of H is the
quotient of Gr(H) by the equivalence relation

{(V,W) € Gr(H) x Gr(H) | V is a compact perturbation of W},

and it is denoted by Gr.(H). This space can also be seen as the space of symmetric projectors in
the Calkin algebra L(H)/L.(H) (L.(H) denotes the closed ideal of compact operators). Notice
that the finite dimensional and the finite co-dimensional spaces represent two points in Gr.(H).
We shall actually be interested in the complementary Grl(H) of these two points, that is in the
quotient of Greo o0 (H).
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The (0)-essential Grassmannian Gro)(H) is the quotient of Gr(H) by the stronger equivalence
relation

{(V,W) € Gr(H) x Gr(H) | V is a compact perturbation of W, and dim(V,W) = 0}.

Again, Gr(p)(H) denotes the quotient of Groo oo (H). The Bott periodicity theorem (see [Bot59]),
and the fact that the group of automorphisms of H which are compact perturbations of the identity
is homotopy equivalent to the infinite general linear group GL(0c0) = lim GL(n) (see [Pal65]), allow

to determine the homotopy type of the essential Grassmannian, proving the following result.

3.4 THEOREM. The quotient projection G7 oo 0o (H) — Gr(o)(H) is a fiber bundle with contractible
total space. The quotient projection Gr?o)(H) — Grl(H) is a universal covering. The space
Grl(H) is path connected, its fundamental group is infinite cyclic, and if i > 2,

Z ifi=1,5 mod 8§,
mi(Gri(H)) 2 m_o(GL(00)) =< Zy ifi=2,3 mod 8,
0 4i=0,4,6,7 mod 8.

Since the tangent bundle of an infinite dimensional Hilbert manifold is always trivial (by the
already mentioned Kuiper’s theorem [Kui65]), a sub-bundle V of TM can be identified with a map
V : M — Gr(H). Similarly, an essential sub-bundle (respectively a (0)-essential sub-bundle) of
TM can be identified with a map £ : M — Gr.(H) (resp. £ : M — Gro)(H)).

By Theorem 3.4, an essential sub-bundle £ of TM can be lifted to a (0)-essential sub-bundle
if and only if the homomorphism

E:m(M) - m(Gr(H)) =12

vanishes. A (0)-essential sub-bundle £ of T'M can be lifted to a true sub-bundle of TM if and
only if all the homomorphisms
E 1 mi(M) — mi(Grgy (H))

vanish (a condition which has to be checked only for ¢ =1,2,3,5 mod 8).

If the vector field X satisfies (C1) and (C2) with respect to a (0)-essential sub-bundle £ of
T M, then the relative Morse index m(z, £) can still be defined, and the conclusions of Proposition
3.2 and of Corollary 3.3 still hold (with the obvious changes).

If the vector field X satisfies (C1) and (C2) with respect to an essential sub-bundle, there is no
relative Morse index. In this case the transverse intersection W*(xz) N W?#(y) is finite dimensional,
but different components may have different dimension. More precisely, the dimension of the
connected component containing p depends on the homotopy class of the orbit of p, seen as a
curve from (R, —o0,+00) into (M,x,y). It is actually possible to construct an example of a
gradient-like vector field on S! x H, which satisfies (C1) and (C2) with respect to a non-liftable
essential sub-bundle, and has two critical points « and y such that the intersection W*(z) NW?*(y)
is transverse and consists of two connected components of different dimension.

3.5 Orientations

We recall that in the case of finite Morse indices, an arbitrary choice of the orientation of all
the unstable manifolds - or equivalently of the finite dimensional spaces T,W*(x) - determines
an orientation of each transverse intersection of unstable and stable manifolds. Now T, W*(x) is
infinite dimensional, so it does not carry orientations. The right object to orient turns out to be
the Fredholm pair (T,,W*(x), V(z)).

In order to deal with this question, we need to introduce the determinant bundle

Det(Fp(H)) — Fp(H)
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on the space of Fredholm pairs (see [AMO3b] for more details). It is a real line bundle, whose fiber
at (V,W) e Fp(H) is

Det(V,W) := Det(V N W) ® (Det(H/(V +W)))*,

where Det(Z) := A4™Z(Z) denotes the space of top degree in the exterior algebra of the finite
dimensional vector space Z. Defining a bundle structure for this object is not immediate, because
the maps (V,W) — VNW and (V,W) — V 4+ W are not continuous. We just mention the key
ingredients in the constructions. The intersection map (V,W) — V N W is continuous on the
space of transverse pairs, while the sum (V, W) — V 4+ W is continuous on the space of pairs with
intersection (0). Then the bundle structure near a Fredholm pair (Vy, W) can be constructed by
fixing a finite dimensional space Z such that Z+ Vo + Wy = H and ZNV; = (0), and by replacing
each pair (V, W) in a neighborhood of (Vy, Wy) by (Z 4+ V,W). Such a replacement turns out to
be possible because of the existence of an exact sequence

0—=VNW—=(Z+V)NW — Z — 0.

-
V+Ww

We recall that an exact sequence of finite dimensional vector spaces
0—-2Z1— - —Z,—0

induces a natural isomorphism

X) Det(Z;) = (X) Det(Z:).

i odd i even

The space of Fredholm operators from H; to Hs, denoted by F(H;, H3) is “contained” in the
space of Fredholm pairs of H; x Hs. Indeed, the operator A € L(H;, Hs) is Fredholm if and only
if the pair (graph A, H; x (0)) € Gr(Hy x Hs) x Gr(H; x Hz) is Fredholm, and the index is the
same. The pull-back of the determinant bundle on Fp(H) by the map

F(Hy, Hs) — Fp(H; x Hy), A (graph A, H; x (0)),

is the determinant bundle on the space of Fredholm operators, as defined by Quillen in [Qui85].
Let n € N, and let
Det(Gry,00(H)) — Grp o0 (H)

be the real line bundle whose fiber at Z € Gry, oo (H) is Det(Z). Let S be the set of all (Z, (V,W))

(U Grn,oo(H)> x Fp(H)

neN
such that Z NV = (0), and let Det(S) — S be the restriction to S of the tensor product of the

bundles J,, ¢ Det(Grp,o0 (H)) and Det(Fp(H)). The map

S —Fp(H), (Z,(V\W))— (Z+V, W),

is continuous, and can be lifted to a continuous morphism between the corresponding determinant
bundles:
S : Det(S) — Det(Fp(H)).

The construction of such a morphism is based on the exact sequence

Z4+V H H
+EZ

0= VOW = (Z4VIOW = == =2 = oy = oy yw

0.
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The morphism S is associative, meaning that if Z and Y are finite dimensional linear subspaces
of H such that ZNY = (Z+Y)NV = (0), the diagram

Det(Y) ® Det(Z) @ Det(V, W) 225, Det(Y) ® Det(Z + V, W)

S®idl lS
Det(Y + Z) @ Det(V, W) —2—  Det(Y + Z+V, W)

commutes.

An orientation of a finite dimensional space Z can be defined as an orientation of the line
Det(Z); similarly, an orientation of the Fredholm pair (V, W) is an orientation of the line Det(V, W).
The morphism S allows to sum orientations: if (Z,(V,W)) € S, the orientations of two objects
among

zZ, (W), (Z+V,W),
determines an orientation of the other object.

Let us go back to the question of orienting the intersections between unstable and stable
manifolds. The assumption is that the vector field X satisfies (C1) and (C2) with respect to
a sub-bundle V of TM. By assumption (C1), the pair (T, W?(x),V(x)) is Fredholm, for every
x € rest (X). Let us choose an orientation o(z) of such a Fredholm pair, for every rest point z, in
an arbitrary way.

Now let x,y be rest points such that W*(z) and W#(y) have transversal intersection. Let
p € W*(z) N W*(y). By Proposition 3.2 (ii), the pair (T,W*(y),V(p)) is Fredholm. Choose a
closed complement V' of T,,(W*(z)NW*(y)) in T,W*(y). By transversality, V is also a complement
of T,W"(z) in T, M. It is a general fact in this case that the backward evolution of V' with respect
to the differential of the flow converges to T, W?*(x):

, lim Do¢(t,p)V =T, W*(z).

Therefore, the Fredholm pair (V, V(p)) inherits by continuity an orientation from the orientation
o(z) of (T;W?(x),V(x)). On the other hand, the Fredholm pair (T,W?*(y),V(p)) inherits an
orientation from the orientation o(y) of (T, W*(y), V(y)). The last two objects among

T,(WH(x) nW=(y)),  (V,V(p), (L,(W*(x) nW*(y)) + V. V(p)) = (LW (y), V(p))

are then oriented, so they induce an orientation of the first space. The construction continuously
depends on p, hence it determines an orientation of W*(x) N W*(y). We shall see in section 3.7
that the orientations defined here satisfy a suitable coherence property.

3.6 Compactness

In the case of finite Morse indices, we have seen that the (PS) condition together with the positive
completeness of X implies that W*"(x) N {f > a} is pre-compact. Now the unstable manifold is
infinite dimensional, so this cannot be true, but we can hope W*(z) N W*(y) to be pre-compact.
However, assumptions (C1) and (C2) are not sufficient to get this result: W*(x) N W#(y) may
consist, for instance, of infinitely many flow lines going from x to y, with no cluster points besides
x and y. We need strengthen condition (C2), a local assumption, into a more global condition.

We recall that that the Hausdorff distance of two subsets A, B of a complete metric space
(W,d) is the number

disty (4, B) := max{sup inf d(a,b),sup inf d(a,b)} € [0, 4o0],
acAbEB beB a€A

and that the Hausdorff measure of non-compactness of A is the number

Bw (A) :=inf {r > 0| A can be covered by finitely many balls of radius r} € [0, +o0],
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so that A is pre-compact if and only if By (A) = 0. The function § is continuous with respect
to the Hausdorff distance. Moreover, Sy (A) coincides with the Hausdorff distance of A from the
space of compact subsets of W:

(53) Bw (A) = inf {disty (A, K) | K C W compact} .
In the case of a normed vector space W, 3 has also the following properties:

(54) Bw (AA) = [Xpw (A), Pw(A+ B) < pBw(A)+ Bw(B), Pw(conv(A)) = fw(A).

Let £ be an essential sub-bundle of TM, different from the trivial essential sub-bundles [(0)] and
[TM]. We shall assume that £ admits a global presentation: there exists a smooth map Q@ : M — N
into a Hilbert manifold such that for every p € M, DQ(p) has finite codimensional range, and
ker DQ(p) belongs to the equivalence class £(p). For instance, £ could be the equivalence class of
a sub-bundle which is the vertical space of a submersion Q.

We shall assume that IV is endowed with a complete Riemannian metric, and we shall consider
the induced metric on TN. The new assumption on the vector field X is:

(C3) (i) [[PQo X[oo < +00;
(ii) for every q € N there exists § = §(¢) > 0 and ¢ = ¢(g) > 0 such that

Brn(DQ(X(A4))) < ¢fn(Q(4) VA C Q7' (Bs(q)).

Let us restate this condition in a simple situation: assume that M is an open set of the Hilbert
space H, and that & is the equivalence class of a constant sub-bundle V' € Gr(H). Then we can
choose the global presentation to be the orthogonal projector onto W := V1, Q := Py,. Denote
by (Xy, Xw) be the two components of X with respect to the orthogonal splitting H =V & W.
Condition (C3)-(i) says that Xy is bounded, while (C3)-(ii) is equivalent to: for every £ € W
there exist 6 > 0 and ¢ > 0 such that

(55) Bw (Xw (A)) < ¢pw(PwA) VACMN(V x(Bs(§) NW)).

In particular, if A C M is such that Py A is pre-compact, then also Xy (A4) = Py X (A) is required
to be pre-compact. Thus, for every £ € M the map n — (I — Py)X (£ + Pyn) is a compact map
in a neighborhood of 0. Therefore, the differential of this map at 0, namely

(I = Py)DX(§)Py = (LxPv)(§)Py

is compact. Hence (C3) implies (C2): the simple situation - M C H, £ constant, Q projector
- in which we have checked this fact is indeed the general local situation, and (C2) is a local
assumption.

Notice that in general (55) is strictly stronger than the fact that for every £ € W, Xy, should
map (£ 4+ V)N M into a pre-compact set, because (55) involves a Lipschitz control on the measure
of non-compactness. However, these conditions are equivalent under a mild Lipschitz assumption
on X. See [AMO3b], Proposition 7.9, for a precise statement (in the case of a general map Q).
The main result of this section is the following compactness theorem.

3.5 THEOREM. Let £ be an essential sub-bundle of TM with a global presentation @ : M — N
into a complete Riemannian Hilbert manifold. Assume that the Morse vector field X is complete,
has a non-degenerate Lyapunov function f, (X, f) satisfies (PS). Assume also that X satisfies
(C1)-(C83). Then for every pair of critical points x,y, the intersection W*(x) N W*(y) is pre-
compact.

Let us sketch the proof. It is useful to introduce the following notion: a subset A C M is said
essentially vertical if Q(A) is pre-compact. The proof is then based on the following steps:

(i) if A is essentially vertical and t > 0, then ¢([0,¢] x A) is essentially vertical;
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(ii) each local unstable manifold Wy () is essentially vertical;

(iii) each local stable manifold Wy . () has pre-compact intersection with every essentially ver-
tical subset.

Let us prove (i) under the simplifying assumption that the target of the map Q is a Hilbert space
E, and that the constants appearing in condition (C3)-(ii) are uniform: ¢ does not depend on g,
and we can take § = +o00. So (C3)-(ii) becomes

(56) Be(DQ(X(B))) < ¢fr(Q(B)) VB C M.

Let A C M be an essentially vertical set, that is Sg(Q(A)) = 0. Since Q takes value in a Hilbert
space, there holds

t
Qo(t.p)) = Q)+ [ Do )X (00s.)] ds.
from which we deduce that
Q(a([0,] x A)) € Q(A) + [0, ] conv(DQ(X (¢([0, 1] x A))).
Then, by the properties (53) of the measure of non-compactness 5 and by (56),

Be(Q(¢([0,t] x A))) < Br(Q(A)) + t Br(conv(DQA(X (4((0, 1] x A))))
=t Be(DQ(X(¢([0,] x A)))) < te Br(Q([0, 1] x A)).

By the above inequality, 85 (Q(¢([0,t] x A))) vanishes for every t < 1/¢, and by iteration, for every
t > 0. This proves (i).

Since (ii) and (iii) are local statements, we may assume that the rest point = is the origin
of the Hilbert space H, and that Q is the orthogonal projector with kernel V', a constant local
representative of the essential sub-bundle £. By (C1), E* := E*(VX(0)) is a compact perturbation
of V. This fact easily implies that a bounded set A C H is essentially vertical if and only if
its projection P*A on E* := E*(VX(0)) is pre-compact. In particular, the graph of a map
o : E%(r) — E*(r) is essentially vertical if and only if the map o is compact. So (ii) can be
restated by saying that the map o* : E%(r) — E*(r) whose graph is the local unstable manifold
(see Theorem 1.12) is compact. By the graph transform method (see [Shu87], chapter 5), o is
the fixed point of the contraction F', mapping every 1-Lipschitz map o € Lip;(E"(r), E*(r)) into
the map F(o) € Lip,(E"(r), E*(r)), whose graph is the ¢-evolution at time 1 of the graph of
o, intersected with E"(r) x E*(r). So claim (i) implies that the contraction F' maps the closed
non-empty subspace of compact maps into itself, hence the fixed point ¢“ is a compact map,
proving (ii). Claim (iii) is an immediate consequence of the fact that W3 (z) is the graph of a
continuous map ¢® : E*(r) — E¥(r).

Let us see how claims (i), (ii), and (iii) allow to conclude, in the case in which there are no
rest points in the strip where f(y) < f(p) < f(x). Let (p,) C W¥(x) N W*(y). We must prove
that (p,) has a converging subsequence. We can assume that « and y are not limit points of (p,,).
Then we can find s,, < 0 < t,, such that

¢(Sn’pﬂ) € VVIT(L)C,T(J;) n {f = f(x> - 6}’ ¢(tn7pn) € Wli)c,r(y) N {f = f(y) + 6}7

for some small € > 0. The fact that the are no rest points in the strip {f(y) < f < f(z)} implies
that (t, — s,,) is bounded: otherwise by Remark 2.1, we could find a sequence r,, € [s,, t,] such
that (D f(d(rn, pr))[X (¢(rn, pn))]) tends to zero, and by (PS) the sequence (¢(ry, pr)) would have
a subsequence converging to a rest point in the strip {f(y) + € < f < f(x) — €}, a contradiction.
By claim (ii), the set {¢(sn,pn) | » € N} is essentially vertical. By claim (i) and by the fact that
(tn, — sp) is bounded, also the set {@(tn,pn) | n € N} is essentially vertical. But the latter set
is contained in the local stable manifold of y, so by claim (iii) it is pre-compact. Since (t,) is
bounded, also the sequence (p,,) is compact.

In the general case, one needs the following stronger versions of (ii) and (iii): there exist
arbitrarily small neighborhoods U of the rest point x such that if (p,) converges to = then:
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(i") if t, > 0 and ¢(tn, pr)OU then the set {d(tn,pn) | n € N} is essentially vertical;

(iii’) if s, < 0 and @(sp, pn)OU then the set {P(sn,pn) | » € N} has compact intersection with
any essentially vertical subset.

The proof of (ii’) and (iii’) makes use of Proposition 1.17. Then a combination of the argument
shown above and the argument in the proof of Theorem 2.2 (ii) allows to conclude the proof of
Theorem 3.5.

3.6 REMARK. The requirement that the essential sub-bundle £ should have a global presentation
can be weakened, by replacing the map Q by a suitable family of maps Q; : M; — N;, i € I, where
{M,;}icr is an open covering of M. Besides allowing more general essential sub-bundles, this fact
has also the advantage of localizing even more the constants appearing in assumption (C2)-(ii).

3.7 Two-dimensional intersections

Assume that the Morse vector field X is complete, has a non-degenerate Lyapunov function f,
and that (X, f) satisfies (PS). Assume also that X satisfies (C1)-(C3) with respect to a sub-bundle
VY of TM. In analogy with the finite indices case, we shall say that X satisfies the Morse-Smale
property up to order k € Z if W"(z) meets W*(y) transversally whenever m(z,V) — m(y, V) < k.

Let us study what happens when the Morse-Smale condition up to order 2 holds, and x, z are
rest points with m(z,V) — m(z,V) = 2. Let W be a connected component of W*(z) N W*(z).
It is a two-dimensional manifold, and R acts freely on it. Therefore W/R is a connected one-
dimensional manifold, that is it is either a circle or an interval. In the first case, it is easy to see
that W = W U {z, z} is a two-dimensional sphere, and the restriction of ¢ to W is topologically
conjugated to the exponential flow on the Riemann sphere S? = C U {co},

R x 5?3 (t,¢) — e'¢ € S%

We shall be more interested in the second case, in which W is the union of W and two “broken
orbits”, with exactly one intermediate rest point. More precisely, the situation is described by the
following theorem.

3.7 THEOREM. Assume that the Morse vector field X is complete, has a non-degenerate Lyapunov
function f, and that (X, f) satisfies (PS). Assume also that X satisfies (C1)-(C3) with respect to
a sub-bundle V of TM, and has the Morse-Smale property up to order 2. Let x,y be rest points
with m(z,V) —m(z,V) = 2, and let W be a connected component of W*"(x) N W*(z) such that
W/R is an interval. Then restriction of the flow ¢ to W is topologically conjugated to the product
of two shift flows on R: there exists a continuous surjective map

h:RxR—W
with the following properties:
(i) (t, h(u,v)) = h(u+t,v+t) for every (u,v) ERxR, t € R;
(ii) h(R?) = W, and there exist rest points y,y' with m(y,V) = m(y’,V) = m(x,V) —1, and W1,
Wo, W{, W4 connected components of W¥(x) N W?(y), W"(y) N W#(z), W¥(z) N W*(y'),
W (y') N W*(z), respectively, such that Wy U Wa # W] UWJ, and
h(R x {—o00}) = Wi, h({+o0} xR) =W, h({—oc} xR) =W], h(Rx {+oo})=W;.
(iii) the restrictions of h to R?, to {oc} X R, and to R x {£oc}, are diffeomorphisms;

(iv) denoting by deg the Z-topological degree, referred to the orientations defined in section 3.5,
there holds

degh = —deghl{_coyxr - deg hlrx {100} = degh|rx {00} * degh|({1 oo} xk-
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When y # ¢/, h is injective, so it is a conjugacy. When y = ¢/, it may happen that Wy = W/,
or that Wy = W3, but these identities cannot hold simultaneously. Statement (iv) expresses a
form of coherence of the orientations defined in section 3.5.

Let us describe the main idea in the construction of h. By compactness and transversality,
we can find a “broken orbit” in the closure of W, with exactly one intermediate rest point y of
relative Morse index m(y,V) = m(z,V) — 1. Let W7 and W be the corresponding components of
W¥(z)NW*(y) and W"(y) NW?*(z). Let p € Wy, and let ¢ € Wa. Let A be a small hyper-surface
in W*(x) meeting W*(y) transversally at p, and let B be a small hyper-surface in W?*(z) meeting
W (y) transversally at g. Consider a neighborhood U of y of the form U = Ej/(r) x E(r), where r
is so small that the local stable manifold of y is the graph of a ¢-Lipschitz map o® : Ej(r) — Ej(r),
while the local unstable manifold of y is the graph of a §-Lipschitz map " : E}/(r) — E;(r), for
some 6 < 1. The forward evolution of A eventually intersects U in the graph of a 6-Lipschitz map
from Ej(r) to Ey(r): there is tg > 0 such that for every ¢ > o

¢({t} x A)NU = graphay : E)/(r) — E;(r), lip (o) <6,
and ||a; — 0¥||coc — 0 for t — +o0. Similarly, for every ¢ < —tq,
¢({t} x B)NU = graph f : Eyj(r) — E,(r), lip(8:) <0,

and ||8; — 0°|lcc — 0 for t — —oo0. Let u > to and v < —ty. Since lip (o) < 6 < 1 and
lip (3,) < 6 < 1, the graphs of a, and of 3, intersect in exactly one point, and we can define
h(u,v) as
h(u,v) := (graph a,,) N (graph G,).
This defines h in a neighborhood of (+00, —00). See [AMO03b], section 11, for a complete proof.
An analogous argument allows to prove the following result.

3.8 PROPOSITION. Let z,y,z be rest points such that m(z,V) = m(y,V) +1 = m(z,V) + 2,
and let Wy, Wy be connected components of W*(x) N W*(y), W¥(y) N W*(z), respectively. Then
there exists a unique connected component W of W*(x) NW?#(z) such that Wy U W belongs to the

closure o X 1P pe with respect to the Hausdorff distance.
l f 4 d(R w h he Hausdorff d

3.8 The Morse complex

We now dispose of all the ingredients to build the Morse complex. The assumptions are that the
Morse C! vector field X on the Hilbert manifold M is complete, satisfies (C1)-(C3) with respect to
a sub-bundle V of TM, with a global presentation @ : M — N, that X satisfies the Morse-Smale
condition up to order 2, has a non-degenerate Lyapunov function f € C?(M), and that the pair
(X, f) satisfies (PS).

For any k € Z, denote by rest;(X) the set of rest points 2 of X of relative Morse index
m(z,V) = k, and let Ci(X) be the free Abelian group generated by resty(X). Assume the
following finiteness condition:

(C4) for every k € Z, f is bounded below on resty(X).

For every rest point z, we fix an orientation of the Fredholm pair (7, W?*(z),V(x)) in an
arbitrary way. This choice induces an orientation of all the intersections W*(x) N W*(y), for
m(z, V) —m(y, V) < 2.

Let z,y be rest points of X with m(x,V) — m(y,V) = 1. Then W"(z) N W*(y) is a 1-
dimensional manifold with a free action of R, that is it is the union of the orbits of a discrete
set of points. By Theorem 3.5 and by transversality, W*(z) N W*(y) is compact: otherwise we
could find a sequences of orbits in W*(z) N W#(y) converging to a “broken orbit” from z to y,
with at least one intermediate rest point, violating the Morse-Smale condition (up to order 0).
Therefore, W*(x) N W*(y) consists of finitely many orbits W;, i = 1,..., h, each of which can be
given a sign e(W;) € {+1,—1} depending on whether the direction of X agrees or does not agree
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with the orientation of W;. In other words, if W; = ¢(R x {p}), e(W;) is the degree of the map
é(+,p) : R — W;. We define the integer n(z,y) as

h

n(x,y) = Z e(Wy).

i=1

By assumption (C4), we can define a homomorphism 9, : Ci(X) — Cx—1(X) generator-wise, as

Opr = Z n(z,y)y, Vo € resty(X).
yEresty_1(X)

The results of section 3.7 imply that these homomorphisms are boundary operators.

3.9 PROPOSITION. For every k € Z, Op_1 0 = 0.

Proof. Let « and z be rest points with m(z,V) — m(z,V) = 2, and let S(z,z) be the set of
“broken orbits” from x to z with exactly one intermediate rest point, necessarily of relative index
m(z,V) + 1. By compactness and transversality, S(z, z) is a finite set. By Proposition 3.8, for
every element Wy U Wy of S(z, 2) there is a unique connected component W of W*(z) N W*(y)
such that Wy U W3 belongs to the closure of {(b([R x{p}) |pe W} with respect to the Hausdorff

distance. By Theorem 3.7, the closure of W contains exactly one other element W{ U W}, different
from W7 U Wa. So there is an involution Wy U Wy — W{ U W on S(z, z), without fixed points,
and by Theorem 3.7 (iv),

(57) e(W7)e(Wy) = —e(Wh)e(Wa).

If m(x,V) = k, the coeflicient of z in Jx_1 Oz is the number

Z n(z,y)n(y, z) = Z e(W7) e(Wh),

y€eresty_1(X) WiUW2€eS(z,z2)

which is zero by (57). O

Therefore, the Abelian groups Cy(X) and the homomorphisms 0y, for k € Z, are the data of
a chain complex, called the Morse complex of X. The construction depends on the choice of the
sub-bundle V, and on the choice of the orientations of (T,,W?*(z),V(z)). Replacing the sub-bundle
V by a compact perturbations produces a shift in the indices, equal to the relative dimension of
the compact perturbation. A change of the orientations produces an isomorphic chain complex,
the isomorphism being actually an involution.

When the conditions (C1)-(C3) hold only with respect to a (0)-essential sub-bundle, there is
no orientation theory available, and the above construction produces a chain complex of Zs-vector
spaces.

Bibliographical note

The Morse complex approach for compact manifolds When M is a compact manifold
and X is the negative gradient flow of a smooth function, the relations (36) were proved by Morse
in his [Mor25], see also [Mor34, Mor47]. A classical reference for Morse theory is Milnor’s book
[Mil63]. See also the review papers by Bott [Bot82, Bot88].

The dynamical system point of view arose after the seminal work of Smale, see [Sma60, Sma61]
and the beautiful foundational paper [Sma67], and it immediately had influences in topology,
see Milnor’s book on the h-cobordism theorem [Mil65]. In this framework, one can consider
Morse-Smale flows, which are dynamical systems more general than gradient-like flows since they
may have periodic orbits. The connection between Morse theory for Morse-Smale flows and the
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homotopy of the underlying manifold has been further clarified by Franks [Fra79], see also his
lecture notes [Fra80].

Interpreting the boundary homomorphism of a cellular filtration in terms of an algebraic count
of the gradient flow lines connecting critical points of index difference 1, was already implicit in
a paper by Thom [Tho49], who however did not clarify the conditions required on the gradient
flow. This interpretation was pointed out by Witten in his [Wit82], where it is deduced quite
indirectly from a relationship between Morse theory and certain deformations of the Laplace-
Beltrami operator. The first explicit construction of the Morse complex is due to Floer [Flo89],
see also [Sal90]. Floer’s proof makes use of Conley index theory, a general and powerful method
to decompose a dynamical system into simpler invariant sets, see [Con78, CZ84], and Salamon’s
exposition [Sal85].

Weber’s Master thesis [Web93] contains a self-contained and concise construction of the Morse
complex, by dynamical systems techniques (see also [Web04]). A systematic study of the Morse
complex of a function as a tool to build a homology theory which satisfies the Eilenberg-Steenrod
axioms can be found in Schwarz’s book [Sch93]. Here the methods are closer to those used in
Floer homology. The isomorphism with the singular homology is deduced by the fact that all
the homology theories which satisfy the Eilenberg-Steenrod axioms are equivalent on compact
CW-complexes. A more direct proof of this isomorphism, still in this spirit, can be obtained by
interpreting singular homology theory in terms of pseudo-cycles, see [Sch99].

The dynamical system point of view is at the basis of Harvey and Lawson’s approach to Morse
theory in terms of the de Rham-Federer theory of currents [HLO1]. The idea is to construct a
chain map from the complex of smooth differential forms to the complex of currents, by taking
the limit for ¢ — +o0o of the pull-back of a differential form by the flow ¢(t, ). Such a chain map is
chain homotopic to the inclusion, and it is a retraction onto the sub-complex of currents spanned
by the stable manifolds of the flow. The cohomology of such a sub-complex is then isomorphic to
the de Rham cohomology of the manifold, a result which implies the Morse relations (36).

Infinite dimensional Morse theory. Morse theory for C? functions on Hilbert manifolds
was developed by Palais [Pal63] and Smale [Sma64a, Sma64b]. The Palais-Smale condition was
introduced in these papers. This version of Morse theory has been extensively used in the study of
geodesics, see the books of Klingenberg [KI1i78, Kl1i82]. The first of these references contains also
a description of the cellular complex approach to infinite dimensional Morse theory, in the case
of self-indexing functions. A complete presentation of infinite dimensional Morse theory including
many applications to differential equations can be found in the books by Mawhin and Willem
[MW89], and by Chang [Cha93].

Morse theory in the case of infinite Morse indices. In simple situations, functions with
critical points of infinite Morse index and co-index can be studied by taking finite dimensional ap-
proximations. See, for instance, [Cha81, CZ83, CZ84, Cha93, Abb01]. Another way of overcoming
the lack of rigidity due to the presence of critical points of infinite Morse index and co-index is
to restrict the class of admissible deformations to more rigid classes, as in [BR79, Rab86]. In the
same spirit, a Morse theory for special classes of functions on a Hilbert space has been introduced
by Szulkin [Szu92], and further refined by [Abb97, KS97, GIP99, Abb00, Izy01]. The idea is to de-
velop a generalized cohomology theory, which satisfies all the Eilenberg-Steenrod axioms except the
dimension axiom. This axiom is replaced by the requirement that suitable infinite dimensional
spheres should have non-trivial cohomology. These generalized cohomologies will be functorial
only with respect to restricted classes of continuous maps (the infinite dimensional sphere is con-
tractible), and it is possible to develop a Morse theory for functions whose gradient flow belongs
to such a class.

The idea of forgetting about the whole ambient space and looking only at the gradient flow
lines connecting critical points is due to Floer, who applied it to a Cauchy-Riemann type equation
which does not even produce a local flow (so the framework is quite different from the setting of
these notes). See [Flo88a, Flo88b, Flo88c, Flo89], and the expository paper [Sal99]. Angenent
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and van der Vorst [AvdV99] have used this approach to study the gradient flow of a function
associated to a class of elliptic systems. A complete study of the Morse complex approach in
the case of functions on a Hilbert space consisting of a compact perturbation of a non-degenerate
quadratic form has been carried on by the authors in [AMO01]. The results of [AM03b] summarized
in the third part of these notes, allow a much more general setting.

There is a large literature about the Hilbert Grassmannian, and related constructions. In
particular, the space of all compact perturbations of an infinite dimensional and co-dimensional
closed linear subspace is called restricted Grassmannian by some authors (although sometimes this
term is reserved for Hilbert-Schmidt perturbations). See for instance [Sat81, SW85, PS86, Gue97,
Arb02]. The role of these objects in the homotopy theory underlying Floer homology is discussed
in [CJS95].
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